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THE MOTION OF A SATELLITE OF THE MOON
by

Giorgio E. O. Giacaglia, James P. Murphy.
and Theodore L. Felsentreger

in collaboration with

E. Myles Standish, Jr., and Carmelo E. Velez

SUMMARY

An analytical solution to the problem of the motion of
a satellite of the moon is presented. Perturbations of short
period and of intermediate period are derived through the
application of the von Zeipel method. Long period pertur-
bations are obtained through the use of elliptic integrals.



THE MOTION OF A SATELLITE OF THE MOON

by

Giorgio E, O. Giacaglia, James P. Murphy,
and Theodore L. Felsentreger

in collaboration with

E. Myles Standish, Jr., and Carmelo E. Velez

1. Introduction

The motion of a satellite of the moon, or lunar orbiter, is analyzed.
The solution is developed in powers of 10-2., Thus, a first order quan-
tity is of order 10-2, a second order quantity is of the order 10-4, and
so on. The Hamiltonian for the ""main problem' consists of zero, first,
and second order quantities. The higher order Hamiltonian is of third
order and consists of two parts: the first part contains terms generated
by coupling of lower order terms and the second part consists of terms
added by considering further perturbing forces, such as solar radiation
pressure, physical libration, non-sphericity of the Earth's potential
field, the attraction of the sun, etc. Additional terms are also produced
by considering the eccentricity and inclination of the moon's orbit.

In order to retain the relative orders of the disturbing forces, it is
necessary to restrict the semi-major axis of the orbiter to about four
moon radii or less. Further, certain restrictions must be made on the
eccentricity and inclination in order not to invalidate the solution.
Therefore, the following assumptions on the semi-major axis, eccen-
tricity, and inclination are made:

a £ 4 moon radii
.0l1<e<.75
|sin I| > .01.

The small parameter of first order is nk, which is the mean motion
of the moon's mean longitude. The small parameters of second order are
J2s J22, and (ng /n)? where J, and J,, define the principal part of the
oblateness of the moon and (n“:/n)2 is the square of the ratio of the mean
motion of the moon to that of the orbiter. The small parameters of
third order are J;, J,, Jq» i, (ng/n)?, (ng/n)?, (ng/n)? sin(iz/2), (neg/n)? e,
o, (n¢ /m)3, and ang/n. The quantities J3 . J4 s andJ5 are higher oblateness




parameters of the moon, and j, is the principal term in the oblateness

of the earth. The quantity (ne/n)z is the square of the ratio of the ’
mean motion of the earth to that of the orbiter. The fact that the moon's
orbital plane is inclined to its equator and the fact that the moon's orbit
about the earth is elliptical give rise to the two small parameters of
third order (n¢/n)? sin (ig/2) and (neg /n)? e,, respectively. The radi-
ation pressure gives rise to the third order parameter o. (ng /n)? is

the cube of the ratio of the mean motion of the moon to that of the or-
biter. Finally, ane/n is the correction due to physical libration.

For the moon the values of J, and J, published by Jeffreys
(Reference 5) are adopted, i.e.

2.41 x 10~4

T2

0.21 x 10-4

J22

The longest meridian of the moon contains the line joining the centers
of mass of the earth and the moon. The right-handed, rotating, seleno-
centric coordinate systems adopted for this problem will then be as
follows: The z-axis is the rotational axis of the moon, and the xy-plane
is the moon's equatorial plane. The x-axis passes through the moon's
longest meridian, and is assumed to rotate with the motion nf .

For a semimajor axis of 4 moon radii,
n.\2
(—E) Y 4.8 x 1074
n

2

n
(—“’) X 2.7 x 10~
n

so that the oblateness terms in the lunar potential and the earth pertur-
bations are both about of the same order. The largest oblateness term

of the earth is then of the order of 10=%, The perturbation of the sun is
of third qrder.

Another perturbation to be considered is the effective radiation
pressure of the sun, whose strength is about 1 X 10-* dyne/cm?. If the
area-mass ratio of the orbiter is 1.5 X 10-! c¢m?/g, then the disturbing
acceleration due to radiation pressure is also of third order.




It is plain to see that a theory which includes the moon's oblateness
and the earth perturbations should also include the solar perturbations
in the '""main problem' if the semi-major axis is above four moon radii.

2. Equations of Motion

The first step is to determine the equations of motion for the grav-
itational fields of the moon as a primary and the earth and sun as per-
turbations.

The following notation will be used:

subscript 0 : moon
" 1 : orbiter
" 2 : earth
" 3 : sun.

In an inertial system the equations of motion are

m; p; = gradpj U (=012 3

where

U_k2 <m0m1 +mom2 +m0m3 +m1m2 +m1m3 +m2m3>

To1 LY To3 Tya T3 Ta3

and p. is the radius vector of any one of the 4 bodies. If fj, n., {.are
the rectangular inertial coordinates of one of the bodies, then the equa-
tions of motion can also be written

m £ == (j=0,1,2 3).

Similar expressions hold for 7, and Qj.

It is now convenient to refer the orbiter to a moon centered system,
the moon to an earth centered system and the sun to a system whose
origin is at the center of mass of the earth-moon system. Therefore




X, =& - &

Xo = €0 = &
my&o +my &y

m, +m,

X3 =83 -66=6;5-

Similar expressions hold for Y; and z.

The equations of motion must be transformed accordingly. The partials
in Eqs. (2) are then computed with respect to the new variables by mak-
ing use of

3
U U OX;

j=

(k=0, 1,2, 3)

It follows that

9L, 9%y 9%, mg+m, OX,
2y _2u
o, °ox
u_ WM™ A
352 - axo m, +m, 3x3
°U 3y
9&, - ox,
Since
5‘-1 = gl -&o
it follows that
TR\ T R
! my Mg/ Ox, m, Ox, Mo t+ My Ox,y

The force function U must now be expressed in terms of the new co-
ordinates. We have

r(2)1:(51‘50)2+("71-770)2+(C1—C02:x§+yf+zf:r




2 _ — 2 -
ro= Go =€)+ ... =xi+... =12
m, 2
2 _ 2 —
r03_(§3—§0) ... _<x3-'r-no+—mZx0> + ..

2 2 2 M2 2 2 2 2 2m,
:x3+y3+z3+<mo—+—m2> (x0+yo+zo)-m(x0x3+y0y3+zozs)
2
2, m, 2 2m2 . .
3 m, + m, © my+m, O 3
2 _ 2 2 _ 2, 2
5, =& =&+ .0 = (% + %)%+ =ri+r3+2r -1,
2 2 m, 2
riz=(¢ =&+ ... = |:(x1—x3)+mo+m2xo:| + o0, =
9 2 m, 2 ) 2m2
=ry+r3-2r -ryt (m +m> Yot sm; (FoTy~-To: Ty)
ot M o T M
2 2 m, 2
133=(§, =€)+ ... = (—3—m0+m2 o) + =

2
., m, ) 2mo
=3+ {—x) rZ+t——r, -
m0+m2 mo+m2

02

r

3 .

| =

-



2 2 ~1/2
1 m, T, 2m2 r,
- | — ] —-—=——— — cos S,
03 3 ot M, rs My +m, Iy

i
M|

-1/2

1 1 my \2 /Tg\2 2m, 1,
— == 14 [— —) 4 —— . — cos 803 .
r my +m, T,

w

The angles used are shown in Figure 1. For obvious reasons the
angle S,, is expressed in terms of Sj;, as follows:

. . Ty * T,
Since cos Sy, = -,
To T3
mo ,
and _— =
y——— Fy+ T3 =T;
2
mg
r“+r,r,cos S
, mg+ m, 0 ol3 03
then cos 803 = =
[
Ty I3
r m
0 0
= 'nm —— +—‘j‘cos S03
ry 0 2 1,
6




Figure 1

or, finally

Certainly, to third order, r;~ r;, so that

) To My
cos S,,=cos S/, - = —
03 03 r; my +m,

On the other hand, S;;, may be replaced by 180° ~ Sio Where S, is
the selenocentric elongation between the earth and the orbiter.

3. Oblateness Terms

4

If the plane of reference is the lunar equatorial plane, then the
disturbing force per unit mass may be written as

7




k2 m, i n R.\"
2 : ¢ .
UopL. = r, E <;—1-) Jom P (sin 8) cos m (A-A_1
nzl m=0

The only terms to be included are J,,, J,0= = J5» J30= = J3» Jeo= = Jas
and J o = = Js- Therefore,
5 n
Ho Re .
Vo, = -7, Z (r_l> J, P (sin f)
n=2

L4

R._\2
- (:) J,2 Py, (sin ) cos 2 (N-2y,)

The angle B is the latitude of the orbiter with respect to the equator of
the moon, X' its longitude reckoned from any fixed direction and A, the
longitude of the moon's longest meridian from the same fixed direction.
Note that \' and 8 can be expressed in terms of the coordinates x;, y1, 23
of the orbiter. However, \,; will contain the time explicitly, since

Apa TR (0) + Y t

where v, is the frequency of rotation of the moon around its axis.
Further, if we neglect the physical libration of the moon, the longest
L]

meridian is always pointing toward the earth and 7y, X ng

4, Canonical Equations and Gravitational Terms

If we choose as canonical variables the Delaunay set
L =Yy & £

G=LV1-e!, w
H=zGcos I,

mean anomaly,

argument of pericenter,

longitude of ascending node,

where a,e, andI are the semi-major axis, eccentricity, and inclination
respectively, and where ug = kzmol where k is the Gaussian constant and

m, is the mass of the moon, then the equations of motion become

. JF © JF . JF

L:—, = — =
91 G dw ’ H 0 ?
. JF 9F . OF
] = oty 9 6=,
3L 3G H




where

~ H
. F=—+1U;

2
0 U
212

rAV. T VoBL.
and where Ug,, is a function which has to satisfy the equation

_ Fo
Xy = §x_1 Ugrav. +'ﬁ

The force function U depends on the new variables x through the relations

2 2 2
o1 ~ X1 TY¥1 12

2 _ 2 2 2
Toza =Xp t ¥ *+ Z

m \2
r2, = (x —-—2—x> +
03 ~ 3 0
m, +m,

o
|

2= (X tx)r 4L

2
2 _ Mo
23 - X3 - o] T
m0+m2
Then,
my
37 0
U ) X m, + m, m,
Ty ) M ME T T “Eym
X
0 To2 T3 0" "2
X X +—m2 X
1° %3 0
nm X1+XO o m0+m2 m2
172 13 1 s r3 My + m,
12 13




o 3 m, + m,
-m
2 3 r3
23
r,-r
__8_ -k?m m 0 !
- 0 "2
ox r3

[

+ k? -
M, + My Tyj
12 Mo My My Ty * Ty
2 3
(my + my) T3
and
m,
3~ 0
W 2 m Mo + My
Bx 0 3 r3
3 03
mo <
T T +m o
My + M,
+ m, m, 3
Tas

10




Then,

1
d - k? mg m 3 k? m, + m 3
1 o3 0772 Ty
r, -r m.m,om, r, D
3 1 o My M3 Ty 1
—kzmlm——k""m2m3 - k?
313 r3 m, +m, 3
23 23
m, +m m, m
. 1 0o O j o My 1 11
L= — k2 k2 m-——+k2m1m3—
mmy dx; | Toy T12 13
1 9 Fop* Ty Mg My M3 T3 Ty
Ty 3 = k% my my * m, + m 3
X 3
0 1 Ty 0 2 Tos3
m, mg My Ty - Ty
(m0 + mz) Tos 12
. mmm; 1 g Mo My My Ty Ty
my+m, T, my + m, rga
m<2) mymg Ty Ty
- k2 - 3 +
(mO + mz) s
1 9 9 3= , MMMy Ty Ty
+ = T S -k m, m, 3 +k 3
X m m,
0 2 1 To3 ( ot 2) Ts3

11




1 3 I
-k?m m, —-k*m, m
1731, 2 3 3
rls )
2 my My My o - By
m, + m 3 -
) 2 T3
a mo + ml 2 3 0 . rl
=5 k? . + k2 + k2 +k?m ;
X
1 01 12 13 Ty,
2 a1
k my T, - Ty =0
Tos3
Therefore,
k2 m k2 m k2 m r.-r
U _ 1 2 3 2 0 1
GRAV. ~ + + + k* m,
. r r r 3
01 12 13 r
02
r rh
-k¥m ! 3
3 3 )
To3
" m2
where ry=r, - r,
my + m,
and where
Tor = T
Toa = To
r,, = series in Legendre Polynomials
ry; - seriesin Legendre Polynomials.

12




The term k2 ml/ro1 can, of course, be neglected. Finally,

2 U4
~ Mo Ha  Hj P+ Ty H3r-Ty
F= TSttty . 3
2 12 13 ry ros
2, /R \n R \2
o E ¢ ' ¢ P, (si 2 (M- A
+Tl_ - ?1_ J, P (sin B) + ? J;5 Pyy (sin ) cos 2 (M- A,,)
n=2
Now
[
r,+r -Tyr,; COS S10 r, ,
= = -—cos S},
r3 r3 r2
0 0 0
and
® P
1 1 ry 1 r
— =—+—cos S}, + — Pp(cosSio) —_
12 To 1 r To
p=2
Then
® P
Ha Top = Ty My My N
+ i, = (;—- P (cos S{))
T2 r3 ry Tp 0
O p=2

and since u,/r;, is independent of the position of the orbiter,

2 ® "
~ Mo My r\? , H3 ry - T
Fomm il (5) Pecossio gt n, =
p=2 03
|
s n
#0 Rc . Rc 2 . !
""; *-E T JoP, (sin ) + - J22 Py (sin B) cos 2 (X=X ,y) -
n=2 1

13




A further simplification can be made if one considers the following
expansion:

r, r
2 2 S” 2 1 1 2 1 SII
Iy + T3 = 2r,ry; cos S;; = Iy, +|—) -2 g—cos Sy,
Tos 03

]
...I'-'
w

1

"QIH

(=]
w
/:_‘\
e}
o
w I“
\_/'U
o
o
)
(7]
[#2]
-
w
~—”
1

r, cos S r,\P
N S St L E <_1> P_(cos S},).
Tos r2 Tos

r
03 p=2 03

Also,

" " n

r, * T3 I;T;c08 S13 r, cos S13
3 3 2
To3 To3 To3

Since Tos is independent of X; Yy Zgo

2 i P
Mo Hq ry '
Fomt L () Pl
0 p=2 0
By T ¥
2 (_1_) P, (cos S%,)
03 Po2 03
Ho Re\n . Re\? -
4 Z: =) J.F, (sinp) 4 =) Tog Bay (sin ) o5 2 (- 0)
n=2

14




From now on the subscript 1 is omitted.

5. Analysis of Terms

Next the order of magnitude of the gravitational terms and the
oblateness terms is computed.

Consider the factor

ﬁ) =___ s+ periodic terms in f
i a3(1 -e2)3

where
n?ad - Ko

so that

7

—0 = n2.

a3
Then

H RZ K R.\2
0 R2 = n2 ¢ = 0 (_£>
a® (1 - e2)? (1 -e2)® L2(1-e2)° ‘2

The relative magnitude of the greatest oblateness terms are then given
by

R \?2 R \?
2(—;) J, and 2(—85) J22.

Consider a very low orbiter for which a =2R_. Then

15



R_\2 1
2(_85) Jz'.\.' 2)(2)(2)( 10-4 - 10-4

R, \2 .
2(_‘) Tpp¥ 2% g x 0.2x 1074 = 1075,
a

Consider the earth's perturbation. It is dominated by the factor

2 gr
To (;;)
or, neglecting periodic terms in f,

pya? (1 -ed)? 12 (1 - e ) <no>2 1

a 212

3
0

Since p,/p, is small (~ 1/80), the relative order of magnitude of these
terms is given by 2(n, /n)2. For a high orbiter (a ~ 5 R),

Consider the sun's perturbation. The distance ry; is not well defined
since the motion of the moon around the sun is far from a Keplerian

motion. Instead of Tos T3 should be used. Then

or




1 < m, ¥ /r ¢
i Z (7o) () raeemso
Q=

The terms due to the sun's perturbation are therefore

TN my Toy
2 5 (2 (@ e
r, my + m, r, q

o]

© P
. T (L)p P (cos 87,) { T ( i \q (E\q Pq (cos 803)1 =
41:24 \i3 ‘_—O‘ \My + My \Ty/ J

H3 m, Ty
== {14 —C05303+... .
r my +m, T,

2 m

d(EY P, (cos Sty |14 2\ 10 cos s,
ry my +m,/ 1,
2

m, 2 r, 2
' —) P, (cos Sgp) + ...
my + m, r,

ry my To
+ (LY P, (cos st |14 ( ) 2 cos S,
m, + m2 r




P m2 To S 2 »
. cos S 1 — Ccos oo
2( 13) |1+ (mo +m2> T 03 ]
3
m r
+(.r_> P3 (cosS'l's) [1 +( 2 )_0 cosSo3+...:| +}

m, + m r
T3 0 2/ T3

and they are dominated by the factor

2 2,2 2 242 2
py 8% (1 -e?) :nga (l—e)_p,g(l—e2) 2(n3>2 1
ag i +'“o t Hy 212 n Ho + Hy
M3 M3

The relative order of magnitude is given by

n 2
2<—3> ~ 2 x 10-5
n

for a high orbiter. Since, in the extreme case, a/a; ~ 3 X 10'2, and if
terms whose magnitude is less than 10-5 are excluded, the disturbing
function due to the earth is reduced to

Ho 2 ) p
—_ <i> {P2(cos S + L P, (cos Slo)}.
To \Tlp To
For the sun, the only term to be included is
#3 r\2
= (E) P, (cos S!,)
3

since, in the extreme case, a/a3 ~ 0.7 X 1074,

Therefore, including terms of magnitude 10-5, the Hamiltonian
becomes

18




2
~ /.L 2 ! [
Foto  Fa (_’.) {P2 (cos S}) + =P (cos sw)}
0

5
R \n
+ B (_r_)z P, (cos S')) +? - Z (_ﬁ) J. P (sin f)
T3 \T3 — T

R _\2
¥ (_ES) J22 Pzz_ (sin B) cos 2 (X' = 1,,)

It is assumed that J;, J,, and Js are of the third order. At this time
it is worthwhile to point out that the inclusion of the indicated spherical
harmonics in the potential field of the moon in the manner described
above is an assumnption, since this field is not very well known. It is
possible that in the actual case one or more of J3s J4 and J, may be
greater than J, or J,,. Our basic assumption is that the moon approx-
imately satisfies the hydrostatic equilibrium conditions.

6. The Angles S;,and S/,

In view of the form assigned to the oblateness terms, the plane of
reference is the equator of the moon. Therefore, the next step is to
express the angles S,; and S/, in terms of the orbital elements of the
orbiter, the moon, the earth and the sun, with respect to that plane.
The geometry is shown in Figure 2.

The explicit form of S, and S, requires the solution of two
spherical quadrangles. This is now done.

19




North Celestial pole of the moon

Figure 2

earth's orbit around moon

sun’s orbit around moon

lunar
equator

’
. moon s equator
-



7. The Cosine of S/,

If x,y,z and Xg» Vg1 Zg are the rectangular coordinates of the
orbiter and the earth, respectively, and r and r, their selenocentric
distances, then

r-r
CcoSs S;O‘: ®
rry
Consider
AQ :Q-Qe
V:f+a)

Ve :fe+a)$.

Then, using vector notation, in the equatorial (moon) system indicated in
Figure 3,

CcOs V®
l‘$ = I'ea sin VQ cOos 1@

sin VQ sin .lC

(cos w cos AQ) - sin w sin AQ cos I) cos f

= (sin w cos AQ 4+ cos w sin AQ cos I) sin f

r=r (cos w sin AQ) + sin w cos AQ cos I) cos f

- (sin w sin AQ - cos w cos AQ cos I) sin f

sinwsin I cos f + cos w sin I sin f
This enables us to compute cos S;.

8. The Cosine of S’l’3

In exactly the same way the cos S'l'3 is obtained by substituting ©
for e in the formulas in section 7.

21



9. The Main Problem

| The following approximations can be introduced:

a. The earth's orbit around the moon (or vice versa) lies on the
lunar equatorial plane. The error introduced by this approximation is
proportional to the sine of half the inclination of the lunar orbit to its
equator (~6°41'), or about 0. 06.

b. The orbit of the moon around the earth is circular and the motion
uniform. The error is proportional to the moon's eccentricity or about
0.055.

c. The sun's perturbations are negligible. The relative magnitude
for a moderately high satellite is about 0.05.

d. The mean longitude of the earth, A,, is equal to A,,.

If these approximations are introduced, the precision of the disturb-
ing function is not higher than 10-%. It will be called the ''disturbing
function of the main problem, " and it is given by

2
K Ny N
Ze— 4 ? l‘2 P2 (COS SlO )

riu

2
0
212

R 2
T (_r‘_> {- J,Py(sin B) + J5, Pyy(sin f) cos 20" - Ae)} ’

r

where

In this case the cos S, is much simplified. Since iy = 0 and v, + Qg can

be neplaced by A, it then follows

cos §;0:cosvcos (Q=Xg) _s'mvsj_n(Q_Ag) cos I = s.

22




The equations of motion are given by the canonical set

. OF F
L:—F:-, l:_a_F,
I AL

oF ) oF
=z Q):———-—,
dw 3G

oF . F
H:———, Q= —
30 3H

Since the variables 0 and A, appear only in the combination § - Ag » Where

AN = ntt + const. (approximation (b)), the degree of freedom is reduced by
one by choosing as a new variable

h=0-A,.

The Hamiltonian must be modified accordingly, for

. 9 =
h:Q-n*:-_(F+n*H)
c H ¢

(i.e., by using F + ng H in place of F).

The Hamiltonian is still time dependent through Ng = n: t + const.
Since the longest meridian is always pointing toward the earth, it is
possible to choose the rotating system whose x-axis passes through this

meridian. The final form of the Hamiltonian for the main problem is
therefore

2

R
+— (r—c> {. J,P, (sin ) 4 J,,P,, (sin ) cos 2>\} ,

where

A=A -

23




The equations of motion are (using g in place of w):

L-9F c';:.a_F, }'[:B_F’
91 og oh

l :_EE :_B_F’ —_E_li

oL °G oH

In the discussion that follows the solution of this system will be
given using the already well known von Zeipel's method.

10. Development of the Disturbing Function

The notation used will be as shown in Figure 4.

orbiter's path

orbiter

Earth's orbit
around the
moon.

the earth

Figure 4
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cos gio =s=cos (v+{-A) -2 sinzésinvsin (A =)

and

3 1
P,(s) :352 -5 =

:%{cos2 f cos (2g + 2h) + sin? (g +h)

4

-sin f cos f sin(2g +2h) + 4sin %sin2h [cos?g-cos? f cos 2¢g

2

+sin f cos f sin 2g] + 4 sin %sinh [sin f cos f cos (2g + h)

4

-cos gsin(g +h) + cos? fsin (2g + h)] }— 1/2.

Further,
sinfB=sinIsinv =sinI sin (f + g)
cos BScos (A-h)=cos v
cos 8sin (A -h) =cos I sinv,
and therefore
cos ScosA=cosvcosh-cosIsinv sinh,
from which
P,(sin f) :-—;E-sin2 ﬂ-%:%sinz Isin? (f +g) -%
P,,(sinff) cos 2A =6 cos? Bcos? A -3 cos? 8=

6(L% cos® f + x?sin? f +2¢x sin f cos f) - 3(1 —sin?I sin? v),

25




where

{=cosgcosh-cosIsingsinh

X =-singcosh-cosIcosgsinh

Therefore, writing u, for p,, we have

2 2
7 nsr
F = cz : 3 Z {coszfcos (2g + 2h)
2L

+sin? (g + h) - sin f cos f sin (2g + 2h) + 4 sin*Lsin? h [cos? g

-cos? f cos 2g + sin f cos f sin 2g) + 4 sin? I

?sinh [sin f cos f *

cos (2g +h) - cos g sin (g +h) + cos? f sin (2¢g +h)]}

pe RZ
< 3¢ {—%J2 sin? I sin? (f + g)
r

+—;—J2+.]22[6(£2cos2 f+3% sin? f + 2¢xsin f cos f) -3(1 -sin?I sin? v)]}

:FO+F1+F2,

where

M

F, = — (Oth order)
212

F, = ngH (1st order)

F, =

2 F-(F + Fy) (2nd order).
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11. Elimination of Short Periodic Perturbations

The terms in Fwhich depend on / correspond to the short periodic
perturbations. According to von Zeipel's method, the elimination of
these terms corresponds to the solution of the system

Fo(L') = Fy (L")

/ asl aF0
FiM') =FH') + = —
7’ _ oS, °F, 08, F,
2 2 2h H' Y/ L’
2 32
L1 (Ei) 7,

where the generating function of the transformation

(Lv G, H9 l9 £, h) nd (L't Gls H'y l’y g,) h')

is
S=L'l +G'g+Hh+S, +S, + ",
and the new Hamiltohian
F' =Fy +F, +F 4+ -

should be independent of I'.
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In order to accomplish this last requirement, a particular solution
is given by

91 Lt %

where F, and F, are, respectively, the parts of F, independent and
dependent on 1.

If S, is determined from this system, then the relations between old
and new variables are

] as2 ] BSZ h' h aSZ
1" =1l 4 ——, =g + —, = +
’aLl g g BGI 'aHl ’
L =L %5, G =G %S H=H °S;
Rty YU g T TR

Next, the ''secular!' part of F2 is determined. By definition,
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The integrals needed are

n

2
E;J; rzcoszfdl:(1+4e2)a7

2m

1 2

_— r*sin fcos fdl =0,

]

which are evaluated using the relations (E = eccentric anomaly)

d/ =(1 -e cos E)dE

rcos f =a(cosE-e)

rsinf=zavl-e?sinE

r=a(l -ecosE).

Furthermore, the following integrals are also needed:

21
—l—f _l—cos2fdl:0

2m A 3
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EI—J L= 1

VI a3 (1 - e2)*?
2m

LJ. — sinfcosfdl =0

27 , T

These are evaluated using the relations

2
di r

ag (1 _ e2)1/2

1t

df

1 1iecosf
-r——---——-———.

a(l - e?)

If the preceding results are used, it follows that

12 12 "2

+3 HTN cos on’ + 15 YL +E cos 2 (g’ +h")
G'?2 L'2 2 G
2
Hl2 ' 1 ! [ L
+ < --(;) cos 2¢g +7 < —%) cos2(g -h ):I}
4 3

1 He L' 2 H'?2 2 H'2 .

A [ (o)t (-5 ]

Gl2 G'2
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and since

then

L' = const.

The generating function and the short period perturbations are ob-
tained next. Consider F in the form

.. 2

He i, K2
F = — . [ . .
- +ncH + S [_ J,P, (sin B) +J,, P,, (sin B) cos 2>\]
2 .3
n, a 1 r 2
i Y AR XCY
€ Az \%¢
and write
U = rsz(s)




Then

Further,

or

U =y, -U

1 .
U, :——;P2(sxnﬁ)
r
am
U 1 U, d/
s T 5o 3
0
U, =U, -U
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The evaluation of the integrals is carried out using E or f as independent
variables.

It is found that

J‘U3 dl = _D<_§ sin? 1’ _l>+§Ksin2 I’
P 4 2/ 4

12\=3/2
L= <isin21' _l)z
a'd 4 2

J. U2p dl = (6x'2— 3+3sin? I’ cos? g)D
+[6(¢'2-x'? -3 sin? I' cos 2g] Q
+ [12¢'x +3sin? I’ sin 2¢] J

_ 31 (1 -e'2)

2a'3

-3/2 $in? T’ cos 2h

J‘ Ulp dl = A{-—g cos (2g + 2h) - 6 sin* I—2 sin? h cos 2¢g

L

+6 sin2I—2 sin h sin (2g + h)

’
+B {% sin? (g + h) + 6 sin* % sin? h cos? g
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[
—65in21—2sinhcosgsin (g+h)—%}

+C {—% sin (2g + 2h) + 6 sin* I—2 sin? h sin 2¢g

+6 sin2I—2 sin h cos (2¢g +h)}

'
a

2
- 16l {(24—39'2) [(-~1+3cos2 I'Y+3 sin? I' cos2h]

+15¢e'2 [—;— (1 + cos I')? cos (2g + 2h) + sin?I' cos 2¢

+% (1 - cos I')2 cos (2g - 2h)j|}

where
] L'2
a =—
He
1o (172

e =f1.82

L'?
]
cos I' :H—'
G
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¢{'=cosgcosh-cosI'singsinh

X'=-singcosh-cosI'cosgsinh
A :J‘r'2 cos? f' di = a'? [(%-}. 2e'2> E' - (%% e + e'3) sin E'

2 '
+ <%+?-2—) sin 2 E' --f—z- sinSEJ

B:jr'zdl =a'? I:(l +%e'2) E' -3¢’ (1 +i—e'2) sin E'

3 12 . ) el3 . ]
+—-—e“sin2E -— sin3E
4 12
1
C=|r'2sinf cosf di =a'28 [5e cosE'—l(1+e'2) cos 2 E
L' | 4 4
+li2-cos3E']

D=— dl =a'"-3 (1 -e'?)

r's

1 _3/2?[f' + e sin f']
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'3

2 ¢! '
0 :J cos” f yy a3 nety-2 [l 3e oo
- 2 3

+%sin 2 f' +ie—2 sin 3 f':l

J :j' sin f' cos f' di =a'-3 (1 _d2)~32 [_% cos f' -% cos 2 f'
r

-2 cos3f
12

K :J cos 2(f +8) 4y _a'-3 (1 _e'2)32 [% sin (2g + 2f")

I'l3

+32- sin (2g + ') + % sin (2g + 3f')]}
and

E' -¢' sinE' =1 (defines E')

-
1l

a’' (1 -¢e' cosE") (defines r'")

1 1+e' cosf’

(defines f').
r a' (1-e¢'?

In the integrals above, any constant with respect to the variable of
integration (E' or f') has been neglected. At this stage, S, is com-
pletely defined. After some simplification, the final result is
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Sy

2
KeRe T,

1 {-2(1-3cos2 I') [e sinf’ +(f'=1)] +sin?I' [3¢’ sin (f'+2g)
8 1 3 12:3/2
na<(l-e%)

+3sin (2f +2g) + e sin (3f' + 2g)]}

2
KeRe Jag

+l {6 sin? I’ [2(f'-l)cos 2h +e'sin(f'-2h) +e'sin(f’+2h)]
8 + 43 12.,3/2

na-(l-e%

+ (l-cosI')? [3e' sin(f'+2g-2h) +3sin(2f' +2g-2h) +e’ sin (3f'+2g—2h)]

+ (L+cosI)? [.3 e’ sin(f' +2g+2h) +3sin(2f' +2g +2h) +e’ sin (3f'+2g+2h)]}

; n2a'?
e S {12 [—2(1—300521')(2+3e'2)+6sin2I'(2+3e'2)005 2h
384 ¢n' )

+30e'2sin?1I' cos 2¢g
+15e'?(1-cosI')? cos(2g-2h)+15e'2(1+cosI') cos (2g+2h)] - (E' - 1)
+4(1-3cos’I') [9e’ (4+e'?)sinE' -9¢e'2sin2E 4’3 sin3E']
+6sin?I’ [-9¢' (4+e'?)sin(E -2h)+9e'2sin (2E' - 2h) -e'3sin (3E' - 2h)
-9e' (4+e'?)sin(E' +2h) +9e'?sin (2E' +2h) -e'3 sin (3E’ + 2h)

1/2

-15e' {(2+e'?)-2(1-¢'?)""*} sin (E' -2g)

Y2 (1+e'?)} sin (2E' - 2g)

£3{(2+e'?) =2(1-e'?)
e {(2-e'?y-2(1-e')*} sin (3E' - 2¢)
~15¢e' {(2+e'D) +2(1-e'2)"? sin &' +28)

£3{(2+e') 421 -e'2?

(1 +e'?} sin (2E' + 2¢g)
-e' {(2-¢'?) +2(1-¢'2)""?} sin (3E' 4+ 2g))

+3(1-cosI')? [-15¢’ {(2+e'?)-2(1-¢')"?} sin (E' -2g + 2h)

+3{@2+e"H-2(1-e"H"? (11 e'?)}sin(2F' - 2g + 2h)

—e' {(2-¢e'-2(1-¢'H1/2} 5in(3E' -2g +2h)
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15’ {(2+e'D) +2(1-e'HP2} sin (E' + 2g - 2h)
+3{(2+e'?) +2(1-e'H12(1+e'?)} sin (2E' + 2g - 2h)
—e' {(2-¢€'2) +2(1-¢'2)1/2} sin (3E' + 2g - 2h))
+3(l+cos1)? [-15e' {(2+e'H)-2(1-¢')!/?} sin (E' - 2g-2h)
+3{(2+e'?) -2(1-e'H2(1+e'?)} sin(2E' -2g-2h)
—e' {(2-e'?-2(1-¢'H1?} 5in (3E’' -2g-2h)
-15e' {(2+e'?) +2(1-e'2)V?} sin(E' + 2g + 2h)

+3{2+e'H) +2(1-e'H1/2(1+e'?)} sin(2E’ +2g + 2h)
_e' {(2-e'2) +2(1-¢"2)/2} sin (3E’ +2g+2h)]},
so that, for the short periodic terms,

S=L'! +G'g +H'h+S2

to second order.

The short period perturbations are given by

d
l':_.?_s_:l.f.i
L' JL'
:_a aS2
B =— =g+ —
3G 3G’
R

h =S o2
OH' OH'
A d1
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R
G:a_S:G,+_2
dg og

a8

oS ' 2
H==-—"-H —_
3h * 3h

It is easier to compute the partial derivatives with respect to the

Keplerian elements a', e', I' and then compute them with respect to
L', G, H as follows:

98, 095, 2a’ 98, de' _, L' 98, G'2 95,

3L’ da’ L'  de' IL' K da' o'L'3 de'

2 95 2e EB_I'__ G 95, H' 98,

-, + = +
3G'  de' 3G 3I' 3G e'L'2 %¢' G'2s5inI’ oI

e W ) L%
dH' 31' °H' G' sinI' 31"

Furthermore, it is important to note that
af' a' le . 1
— == 4= Vsin f
de’ r' g2

OE' a’

— =2 _sin E’
oe' r'

on'  3n'
aal 2 al
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The partial derivative with respect to / does not need to be com-
puted, since

2 2 2
9§, KeRe T, KeRET 22 Ne 1
37 2p 7 Usp * ) Upp +—, Upp =
El n n en n

(F -F").

-Llr
n'

To simplify the formulae, the following notations are now introduced:

B, 4 =e' sin f' + (f' = 1)

B, , =3¢ sin(f'+2g) +3sin(2f' +2g) +e’ sin (3f' +2¢)

By, =2(f' =) cos 2h + e’ sin (f' - 2h) + e’ sin (f' + 2h)

2

By, , =3¢ sin(f'+2g -2h) +3 sin (2f' +2g-2h) + e’ sin (3f'+2g-2h)

B,y ;=3 e’ sin(f'+2g +2h) + 3sin (2f' + 2g + 2h) + e’ sin (3f' +2g + 2h)

B

c1 =9¢ (4+e'?) sinE' -9e'? sin2E'+e'3 sin3E'

By, =-9¢' (4+e'?)sin(E'-2h) +9e'?sin(2E' - 2h) -e'3 sin (3E' - 2h)
-9e' (4+e'?)sin(E'+2h)+9e'? sin (2E'+ 2h) -e'3 sin (3E' + 2h)
-15e'{(2+e'?)-2(1-e'H/2} sin(E' -2g) +3{(2+e'H)=-2(1-e"2)0/2(1 ; &'?)}.

«sin(2E'-2g)-€'{(2-e'?)-2(1-e'H12} 5in(3E'-2g)-15€' {(2+e'?)

+2(1-e'H)?} sin (B’ +2g) + 3{(2+e'2) + 2 (1-e' D) %(1 ye'?) }sin(2E' +2¢)

~e' {(2-e'?) +2(1-e'?1?2} sin (3E' +2g)
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By ;=-15e'{(2+e'?)-2(1-e'H)1?} sin(E'- 2g + 2h) +3{(2 +€'?)
-2(1-eH172(1 +e'?)} sin (2E' - 2g +2h) e’ {(2-e'?) -2(1 -e'?)/2}.
.sin(3E'-2g+2h) -15e’' {(2+e'?) +2(1-e'?)1/2} sin(E' + 2g - 2h)
+3{(2+e"H +2(1-e"H2 (1 +e'?)} sin (2E' +2g-2h) -e' {(2-€'?)

+2(1-e'%H12} sin(3E' + 2g - 2h)

B, ,=-15¢"{(2+e'H-2(1-e'?)"2}sin (E' -2g-2h) +3 {(2 +e'D)
21 -e'HV/2 (1 4 e'?)} sin (2E' - 2g - 2h) —e' {(2-¢'?) ~2(1-e'H)1/2}.
+sin(3E' -2g-2h) -15e’ {(2+e'?) +2(1 ~e'?)/2} sin (E' + 2¢g + 2h)
+3{2+e"H +2(1-e"HV2(1+e'H)} sin(2E' +2g +2h)

—e' {(2-e'D)+2(1-¢'2)2} 5in(3E' +2g+2h).

With this notation, it follows that

882 3 “'Ré J,

— -

{-2(1-3cos?I')B, ; + (sin? I') B, }

- -
da 16 a:(l_e:2)3/2
12
3 n R J22 . ’
- Tg#c—’g;z {6(sin’I )By,,1 +(1-cos ')’ Byy.2 t (1 +cos I'y? 322,3}
a (l-e
7 néa'
toes— (12[-2(1-3 cos’I') (2+3e'%) +6sin’ I' (2+3¢'?) cos 2h
en

+30e'?2sin?I' cos2g+15e'2(1-cosI')2cos(2g-2h) +15e'2(1 +cosI')%,
-cos (2g+2h))-(E'-1) +4(1 -3cos®’I') B, , +6 (sin’ I') B, ,

+3(l-cosI')?B, ;+3(1+cosI')?B_ }
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LR n'R2J
P21 ¢ -2 sinI'cosI'{’6321+B22}
O PNPRZ ' '
n'R%]J
+71; ¢22§/2 sinI’ {6 (cos I')B,, ; +(1-cosI')B,, , - (l+cosI')By, ;}
(1 -e'%

1 n'a’?2/ng\? ,
tga =\ =) sinI' {12 [-2cos I' (2 +3e'?) + 2 cos I (2 + 3e'?) cos 2h
n

+10e'?cos I’ cos 2g +5e’2 (1 ~cosI') cos (2g-2h)-5e'2(1 +cosI')cos(2g + 2h)].

. (E'-l)+4(cosI')Bc.l+ 2 (cos I") B, +(1-cosI')B@'3—(1+CosI')B¢,4}

2

= ———— {-2(1 - 3cos?I') B, , + (sin® I') B, ,}

(1_e12)5/2

n'R2J
1 cv2 2 ¢t . ) . ' . '
t=——{-2(1-3cos?I')sinf +sin?I' [3sin(f's 2g) + sin(3f'+ 2]}
8(1_ I2)3/
1 n' RéJ2 211 '
M e {-2(1-3cos?I') [ecos f'+ 1] +3sin?1’ (e’ cos(f'+2g)

' 12
+2cos(2f' +2g) + e’ cos (3f' +2g)]} <E- +-E‘—> sin -
r' @2

e'n' R;‘;JM
{6(sin® I')B,, , +(1-cos I')?B,, , + (L +cosI')? B,, ;}

J 3 27 e
8 (1—8’2)5/2
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1 n'RJ

) 232:/2 {6 sin? I' [sin (f'~2h) +sin (f'+2h)] + (1 ~cos I")? [3sin (f'+2g~2h)
(1-¢'2)

+sin (3f'+2g = 2h)] + (1 +cos I')? (3 sin (f'+2g+ 2h) + sin (3f'+ 2g + 2h)]}

n'R2J
43 €722 5?1’ [2cos 2h +e’ cos (£'-2h) + e’ cos (' + 2h)]
8 (1 _812)3/2

+(1-cosI')? [e' cos(f'+2g-2h) +2cos(2f'+2g-2h) +e’ cos (3f'+2g - 2h)]

+(1+cosI')2 [e' cos(f'+2g +2h) +2cos(2f’ +2g + 2h)+ e’ cos(3f'+ 2g + 2h)]}»

al LI2
¢ l—, t= |sin f’

r G'2
1 n'a?/n¢)\? ' 2 1t . 2 - 23
+t———|—] {24e [—2(1-3005 I')+6sin“I " cos 2h + 10 sin“ I’ cos 2¢g
128 € \p'
+5(1-cos I')? cos (2g - 2h) + 5(1 + cos I')? cos (2g + 2h)] - (E'-1)
+4(1-3cos?1') [3(4+3e'?)sinE' =6 e’ sin2E' + &' ? sin 3E']
+2sin? I’ [-9 (4 +3e'2) sin (E'- 2h) + 18 ¢’ sin(2E'- 2h) - 3e'? sin (3E'~ 2h)
-9(4+3e'?) sin (E'+ 2h) + 18 ¢’ sin (2E'+ 2h) - 3¢'? sin (3E'+ 2h)
-15{(2+3e'?)-2(1-e'%H12 ;1 2e'2 (1 -e'?) 1%} 5in (E' - 2g)
+6e’ {1-2(1-e'2)172,(1-e'%)"1/2 (1 1+ €'?)} sin (2E' - 2¢g)

-{(2-3e'?)-2(1-e'"%)1/2 ; 2e'2 (1 - e'?)~1/2} 5in (3E'- 2g)

-15{(2+3e')+2(1-e'H1/2_2e'2 (1-e'%)~1/?} 5in (E'+ 2g)

43




+6e' {1420 -e"DHV2_(1-e'2)"172(1 +e'?)} sin (2E'+ 2g)

—{(2-3e'H) +2(1-e'H12 - 2e'2 (1-e'2)"1/2} sin (3E' + 2¢)]

+(1-cosI")2 [-15{(2+3e'?) =2(1-¢'?)1/2 1 2e'2(1 - e'?)"1/2} sin(E'- 2g + 2h)
+6e {1-2(1-e'H12 4 (1-e'$"12 (1 ye'?)} sin (2E'-2g + 2h)
-{(2-3e"H-2(1-e"2)172 1 2¢'2 (1 - e'?)~1/2} 5in (3E'- 2g + 2h)
-15{(2+3e'?) +2(1-e'H1/2_2e'2(1-€'?)~1"2} 5in (E'+ 2g - 2h)

+6e' {1+2(1-e'"H1/2 _ (1-e'?)"1/2 (1 4+ €'2)} sin (2E'+ 2g - 2h)

—-{(2-3e'?) +2(1-e'H)1/2 _2¢'% (1 - e'2)~1/2} 5in (3E'+ 2¢ - 2h))

+(1scos T2 [15{(2+3e'2) -2(1-e'H1/2 1 2e'2 (1 =e'?)1/2} sin(E'- 2g - 2h)
+6e’ {1-2(1-e"2)172 4 (1-e'2)"12(1 1+ e'?)} sin (2E'-2g - 2h)
-{(2-3e'H-2(1-e'%H)12 1 2e'2 (1 - e'?)~1/2} 5in(3E'- 2g - 2h)

-15{(2+3e'?) +2(1-e'2)1/2 _2¢'2 (1 - e'?)"1/2} 5in(E'+ 2g + 2h)

+6e' {14+2(1-e'2)172 = (1-e'2)"1/2 (14e'?)} sin(2E'+ 2¢g + 2h)

-{(2-3e'?) 1 2(1-e'?)1/2_2e'2(1-€'?)"1/2} 5in(3E'+ 2g + 2h)]}

1 n'a?
+ —
384 ¢

n_\2 )

(—“) {12 [-2(1-3cos?1') (2+3€'?) +6sin?I' (2 + 3e'?) cos 2h

n

+30e'?sin? I'cos 2g +15e'2 (1 - cosI')? cos (2g-2h)+15e'2(1+oosI')2COS(2g+2h)]

+12(1-3cos?1') [3e'(4+e'?) cosE' -6 e'2 cos 2E' +e'3 cos 3E']
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+ 18;in2 I' [-3e’ (4 +e'?) cos (E' - 2h) + 6e’? cos (2E'- 2h) - e'3 cos (3E'- 2h)
-3e'(4+e'?) cos (E' +2h) + 6e'2 cos (2E'+ 2h) - e'3 cos (3E'+ 2h)
-5e' {(2+e'?)-2(1-€'?)1/2} cos (E'- 2g)
+2{(2+e'?)-2(1-e'7H1/2 (1 1 e'?)} cos (2E'- 2g)

-e' {(2-e'?) -2(1-¢'?)!/2} cos (3E'-2g)

-5e' {(2+e'?) +2(1-e'%)!"2} cos (E' + 2g)

+2{(2+e'H) +2(1-e'"H2 (1 +e'?)} cos(2E' + 2¢)

-e'{(2-¢'?) +2(1 - €'?)1/2} cos (3E'+ 2¢))]

+9(1-cosI")2 [-5e' {(2+e'2) = 2(1 - e'2)1/2} cos (E'- 2g + 2h)
+2{(2+e'?) -2(1-e'%)1/2 (1 1 e'2)} cos (2E'- 2g + 2h)
-e'{(2-¢'%) - 2(1-¢'%)!/?} cos (3E'- 2g + 2h)

-5e'{(2+e'?) +2(1-¢e'?12} cos ( E' + 2g --2h)
+2{(2+e'?) +2(1-e'?)12(1 1 e'?)} cos (2E'+ 2g - 2h)

-e' {(2-e'?) +2(1-e"2)1/2} cos (3E' +2g - 2h)]

+9(1+cos 1) [~ 56’ {(2+e'2) = 2(1-e'2)!/2} cos (E'= 2¢g - 2h)
+2{(2+e'?) -2(1-e'%)1/2 (1 1 &' 2)} cos (2E'- 2g - 2h)

-e' {(2-e'?)-2(1-e'?)!/?} cos (3E'- 2¢g - 2h)
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-5e'{(2+e'?) +2(1 -¢'?)1/?} cos (E'+ 2g + 2h)

+2{2+e' D 12(1-e"H2 (1 +e'?)} cos (2E'+ 2g + 2h)

—e'{(2-e'?)+ 21 -e"?)1/2}cos (3E'+ 2g + 2h)]} a_ sinE’
r

oS n'R2J
2.1 7 e Gn?r 3¢ cos(f'+2g) +3 cos (2f'+2g) +e' cos (3f'+2g)}
Jdg 4 (1—e'2)3/2
1 n'RIJ,, . ,
4= ————=  {(1-cosI')? [3e' cos (f' +2g-2h) +3cos(2f'+2g-2h)
4(1_e,2)3/2

+e' cos(3f'+2g - 2h)]

+(14+cosI')? [3e' cos(f'+2g +2h) + 3 cos(2f'+2g +2h) + e’ cos(3f'+2g + 2h)]}

__1_n'a2
64 ¢

'
n

<E>2 {_ 60 e'? [2sin? I' sin 2g + (1 - cos I')? sin(2g - 2h)

+(1+cos I'y? sin(2g+ 2h)} - (E'=1) + 2 sin®I' [15¢' {(2+e'?)
-2(1-e'H12} cos (E'-2g) -3{(2+e'2)=2(1-e'?)1"2(1+e'?)} cos(2E'- 2g)
+e'{(2-e'2)-2(1-e'?)12} cos (3E' - 2¢)

-15e' {(2+e'?) +2(1 -e'H1/2} cos (E'+ 2¢)

+3{(2+e'H +2(1-e"HV2 (1 +e'?} cos (2E'+2g)

—e' wz-e'?)+2(1-e2)!"2} cos(3E'+ 2g))

+(1-cosI")2 [15e' {(2+e'?) =2(1 —e'2)!1/2} cos(E'- 2g + 2h)

-3{(2+e'?H-2(1-e'H12 (1 +e'?)} cos (2E'~2g + 2h)
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+e' {(2-e'?)-2(1-¢e'?)1"2} cos (3E'-2¢g + 2h)
-15e'{(2+e'?) +2(1 -e'?)1/2} cos (E' + 2g - 2h)
+3{(2+e'H) +2(1-e'H)12 (1 ye'?)} cos(2E'+ 2g - 2h)
—e'{(2-e'?) +2(1-e'?)1/2} cos (3E'+ 2¢g - 2h)]

+(1+cosI')? [15€ {(2+e'?) -2(1-e'?)!/2} cos(E'- 2g - 2h)
-3{(2+e'H-2(1-¢e'H12(1 4+e'?)} cos (2E'- 2g - 2h)

+e' {(2-e'?2)-2(1-e'?)!/2} cos(3E'~2g - 2h)

-15e' {(2+e'?) +2(1 -e'?)/2} cos(E'+2g + 2h)
+3{2+e'H +2(1-e'H12 (1 +e'?)} cos (2E'+ 2g + 2h)

—e' {(2-e'?) 1 2(1-e'2)!/2} cos (3E'+ 2g+2h)]}

152
n'Re Ty,

{6 sin? I' [-2(f'-1) sin 2h - e’ cos (f'=2h) + e’ cos (f'+ 2h)]
(1 - e12)3/2

1
sh 4
~(1-cosI')? [3e'cos(f'+2g-2h)+3cos(2f'+2g-2h) +e’ cos(3f'+2g - 2h)]

+(1+cosI')2 [3e' cos(f'+2g+2h) +3cos (2f'+2g+2h) +e cos(3f'+2g +2h)]}

102 ¢ \

1 n'a?/neV 2 1t
—_— — {36 [-2sin? 1'(2+ 3e'2) sin 2h + 5€'2 (1 - cosI')? sin(2g - 2h)
n

-5e'2(1+cosI')?sin (2g+ 2h)] * (E'-1)
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+6sin? 1’ [9e’ (4 +e'?) cos(E'-2h) - 9e’? cos (2E'~ 2h) + &3 cos (3E'- 2h)
-9e' (4+e'?) cos (E' +2h) +9e'? cos (2E'+ 2h) - e’3 cos (3E'+ 2h))
+3(1-cosI")2 [-15e' {(2+€'2) - 2(1 - e'?)!/2} cos(E'- 2g + 2h)
+3{(2+e'H-2(1-e"?%H12(1 ye'?)} cos(2E'-2g +2h)
—e'{(2-e'?)-2(1-¢'?)12} cos(3E'- 2g + 2h)

+15e'{(2+e'?) +2(1 -e'?)1/2} cos(E'+ 2g - 2h)

-3{(2+e'H +2(1-¢e"H12 (1 + e'?)} cos (2E'+ 2g - 2h)

+e' {(2-e'?) +2(1-e'?)!/2} cos (3E'+ 2g - 2h)]

+3(1+cosI)2 [15e' {(2+e'2) = 2(1=e'2)/2} cos (E'- 2g - 2h)
-3{2+e'H-2(1-e'"HV2(1 +e'?)} cos(2E'- 2g - 2h)
+e'{(2-e'?)-2(1-e'?)1/2} cos(3E'-2g - 2h)

-15e'{(2+e'?) +2(1-e'?)12} cos(E'+ 2g + 2h)

+3{(2+e'? +2(1-e"H12 (1 1e'?)} cos(2E'+2g + 2h)

-e' {(2-e'?)+2(1-¢e"?1"2} cos(3E'+ 2g + 2h)]} .

If AL =L -L'
AG=G -G

AH =H -H',
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the short periodic perturbations in the Keplerian elements a, e, I are
obtained by

[ IA
a=-a +2a——-11

I:I'-}-COtI'(

fald
~

and in the expressions for AL, AG, AH, the variables /, g, h may be
replaced by the variables I’', g', h' with an error of the 4th order.

It is important to remember the fact that the primed variables are

only affected by long periodic perturbations (with an error of the 4th
order).

12. The Long Period Terms. Elimination of h'

At this stage the Hamiltonian F' =F; + F; + F, depends on the
variables g', h', L', G', H', and L' is a constant with respect to time.
The next step in von Zeipel's method consists of the elimination of h'

and g'. The elimination of h' is performed by means of a generating
function

S: ~L"1' +G”g' +Huhl +S; +S; 4o

of a canonical transformation from (7', g, h', L', G ,H ) to (2", ¢"
h", L', G", H'). The new Hamiltonian

3

F":FS+F'1' +F;+ e

should be independent of h".
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In order to simplify the formulas the following symbols are intro-
duced:

K=pe,b=Re

'r)' :-I-G:'-:Vl_e'2
o =B st
GI
Then
2 , Dg 24 , '
Flo— +ngH + (5-37"2) [(-1 +36'2)
2L'2 16/J, €

+3(1-0'%) cos 2h') + 15(1-7'%) [% (1 +6) cos2(g'+h")

+(1-6'%) cos 2g’ +%(1— 6')? cos 2(g' - h')}}

4 13
e <£> [-b? J, (1 -36"%) + 6 b% Jy, (1-6'%) cos 2h'].

The elimination of h' depends on the solution of the system
" 4 2
F, (L") = F, o (L") = —

21,”2

F'I'(H") = F; (H') =n2H"

n [ S' aF;
Fi=F, +— —L,
‘ahl aH"
and since S; does not dependon ', L" = L'
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As before a particular solution is given by

F, = F,, = part of F, independent of h'.

* asi _ F: _ F’ F
fe 37 =~ 2p = - (Fy - F ).
Then it is found that
n 2 LI4 "2
F, = {(s 3n"%) (-1 + 36"%)
4
+15(1 - n"?)(1 - 6"%) cos 2¢"} -—b2 J2L—,6-—”—3 (1-36"%),
where
. G
n' =1
or M
GII
Furthermore,

*Sl . ( ) { ng _ Q"2 : '
ng S; 16_€L'2 - (5-3n"Y(1 -6"% sin 2h
+ % (1 -7"% [(1 +0"?% sin2(g' +h') -1 -6")? sin 2(g' - h')]}

1

'2b2 J22 n3
n

(1 -6"%) sin 2n’
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The long periodic perturbations depending on the motion of the node (and
eventually on that of the pericenter) are given by

P

39S, L
_ ' - Lu — "
L + L
[ " asi
G =G + 3¢

n2 1 bad ”2 i "
P P <. 77 [(1+6")? cos 2(g" +h") - (1 - 6")2 cos 2(g' -h")]
32¢ n,n 7

2
3 nC 1 n2 u
e 41 - [5-3 1_6"2 2h
-H { Tee (n*n,> SUE ( n ") ( ) cos

+%(1 - "% {(1 +6")? cos 2(g" +h")

n\2 " " 3n’ n' 2 1 —9"2 "
+(1—6 ) COS 2(g -—h)}] -EF (—n—*> b J22—7;”-3———-COS 2h

(]
]’ _ l” a_si —
- aLu
2
21 -L(220) 1310 - 392 (1 - 672) sin 2h"
16€ \nfn'

+15 <1 ——;‘77"2> [(1 + 9")’2 sin 2(gu +h”) - (1 - 9”)2 sin 2(gu _ hn)]}
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98!

v‘g =g -a_G”:

2
n
—g e () L {3(59"2 37"2) sin 2h"
16€ \n,n n'

_1_25 (1 + 5”) (77112 + 5”) Sin 2(gu + h”)

+}2§(1 - 9”) (77"2 _ 9") sin 2(gu _ hll)}

2 "2
_3n* b2J223-—59~—sin 2H"
4 n@ Gu 771/3
h' h” as;
- - JH" =

n2
=h' 4 —— ( “,> L {39" (37'? - 5) sin 2h"
n

16¢ \nfn

+l2§ (1 -17"% [(1 +60")sin2(g" +h") + (1 - 6") sin 2(g"

_3n’ 0" . "
i b2 2h".
T2 n T22 H' "3 S
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It is important to note that these terms are factored by lst order
factors. Then, a second order theory produces first order long period
terms. It is necessary to go to 3rd order to obtain second order long
period terms. This is done next.

13. The Second Order Long Period Terms and Elimination
of h' and the Time

Care must be exercised in the evaluation of the third order part of
the Hamiltonian. One of the dangers involved is including in the third
order part of the Hamiltonian terms which are really second order.
This difficulty could arise, for example, in the evaluation of the solar
perturbations. This would result in the introduction of more terms into
the second order Hamiltonian, which is permissible.

An additional complication is the uncertainty of the values of the
zonal harmonics for the potential field of the moon. There is no harm
done in the theory if J, and J,, are really smaller than the values
assigned to them. However, if J, is introduced and treated as though
it were of order J? when it is really greater than J2, then factors of
the form J,/J, might invalidate the theory.

Keeping this in mind, one can list the small parameters of 3rd order:

J3rJar Js (moon's potential field)
n 2
j2<7c> (earth's oblateness)
n\2
<—§> (sun's perturbation)
2

n i
<f) sin — (correction due to the inclination of
the moon's orbit to its equator)

o (solar radiation)
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2
(-———> €. (eccentricity of the moon's orbit)

ng 3
(—) (earth's perturbations - 3rd
n .
Legendre polynomial)
gn& (correction due to physical libration) |

Since short periodic perturbations of tle third order will be neglected,
it is understood that all terms of third order which depend on /I will be
ignored. Suppose that F, is the third order part of the Hamiltonian and
Fs’ the part free nf short neriod terms. The Hamiltonian will be time
dependent through the longitudes of the earth and of the sun. This fact
introduces one more degree of freedom in the problem and it is neces-
sary to introduce the time as a canonical variable. This is done through
use of the following equations (7 = t + const.):

dr __3F 4
dt = 3T

dT B?_Ef_f_aFa

- —

dat T3 T ot t
so that
F=F-T

and

T=- 3 + const.

This additional complication does not affect the development of the
theory up to this point, if one sets

3s,

oT
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The next step is then to eliminate h' to 3rd order to obtain 2nd
order long period perturbations depending on the argument h'.

The orders of magnitude are as follows:

Fo=Fo-T =0 =T
Fi = F, =t W'
F2=Fy

F, = F5,

where T has been incorporated into ¥; for reasons that will become
obvious.

The von Zeipel differential equation of the 3rd order is then

3 7 %h' oH" " 9g’' 9G"  Oh' 9H" ~ 97 T

98, 9F,

or

3s; 3F, OF, 3s;  3S; OS]

F! o —— p—2 1 —2 .
3+ahl aHn'l"aGu -agl+n¢ ahl 'aT

OF, 9§,

- Fu ] .
3 + agl 'aGn
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Since we had supposed that 3S,/37 = 0 in the previous order evaluation,
.a particular solution of the 3rd order equation is found by taking

39S, oF, oF, oS, oF, 0S5
F: =F, +\=7 =53] +\s5i == -~ |=—= —
3 3s 9h’' SH A oG Bg A ag 9G

where the subscript ''s'" designates non-dependence upon h” and 7.
Further,

n* ?_5_21 - ®! /asl, aFé\

‘e dh' “3ph’ \SH_’ W/ph,

<an' as;) <8F2" as;>

— — — + —— ——
‘aGII 'agl ph’ ‘ag’ 'aGII ph,
38 38! OF} 3F, 3S)

— =F, _+ |7/ — + =

ST 3pT ah BH". or aGn ag or

’agl ’aGll pT ]

where the subscript ph’ indicates the inclusion of all trigonometric
terms with arguments of the form jh' + kg’', j and k integers (j$0),
and the subscript pr indicates the inclusion of all trigonometric terms
with arguments of the form j7 + kh’ + mg’, where j, k, and m are
integers (j$0).

and

Then S, will be obtained as a periodic function independent of the
time,and S} as a periodic function dependent on time.
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Since the functions F2'p » F,,8},and F, are known, the only parts
that have to be computed arethose correspondingto the 3rd order terms

of the Hamiltonian (F}).

14. Third Order Terms Generated by Coupling
of 2nd Order Terms

It was found that

c_ 1M\, .
F2:R2<n_('c> n’'L {(5—377 2y [(-1+36'% +3(1-6'%cos 2h’)

+15(1 - 7 2) [% (1+6')2cos2(g’' +h’') + (1 -6'?) cos 2g’

4

3
1 ! ’ ! 1 L, 4
+E(1-9)2 cos 2(g' -h ):|} ta ff;(;) (-b2], (1 -306'%)

+ 6b?]

-0’2 '
22 (1-6'2)cos 2h']

" 1 nC 2 RN -
P =g (28] L (G-t (-1 43002y

4
+15(1 -7"2) (1 -6"%) cos 2g"}—l b?J, a1 (1 -36"2%)
4 L’6 77”3
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2
’ 1 2 n, " "
-n¥si = - T fadilt (.i) {%(5- 37"2) (1 -0"?y sin 2h'
eL’'?2 \I

15 " n . ] 1 " . [
+T(1 7"2) [(1+6")? sin2(g’ +h') - (1 - 9")? sin 2(g —h')]}
= 34 b2J22-L (1-6"2) sin 2h’',

4 ,r]u3

and in the coupling terms the variables in F, can be double-primed
with an error that is of the 4th order at least.

The partials needed are given below.

oF, 3

] ncc 2 1 " " "
- — — - e 1.
S " Tee n < > {2(5 - 31"%) (1 - cos 2h")

nl 77110/1

+5(1-7"%)0" [(1 +6") cos 2(g" +h") - 26" cos 2¢g"

"2
3 b2n'? i

- (1-6"cos2(g" -h")]} + = :
2 H".T]”3

[J, - 2J,, cos 2h"]

oF.! 1 /n_\2
3 1 " " " n n
2—_n_<_c)__".{2(772_562)+2(592_377 2y cos 2h
n

‘aG"— 166 nl

=51 +6")(n"% +0)cos 2(g”" +h") + 10(6"2 - 1n"2) cos 2g"

1212
£ 5(1-6")(8" = 0" cos 2(g" ~h")} +5 D5 15672
4 G”-77”3

- 2J,, (3-58"?) cos 2h"}
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38! 4 L’ / n2
3;1% - — Fj - —=) (25~ 37"2) (1 - 6"2Y cos 2h"
nc e

+5(1=7"%) [(1+6")2cos 2(g" +h") + (1= 6")2 cos 2(g" - h)]}

12 "2
-— i ———..n b2 J’22 l—i coOs 2h”
2 nz ,’7//3

nénl "

' 2
aSl_ 15 < Ne

1- 77”2 Gll 1 a" 2 2 " h*”
agl__32€ [( + ) cos (g + )

- (1 -6¢") cos 2(g" - h")]

JF/ no\2
2 15 [ .
- =X ty | ™ 1_ %) 1_91/2 2 "
EPiahy nL(n,> (1~ 7"2) ( ) sin 2g
CEH

n2
-3 © ) L (2(56"2 - 37/2) sin 2n"
oG" 32¢ nzn’ 7}"

_ 5(1+8”)<7;‘”2+9”)Sin2<g”+h”)+ 5(1—9”)(7}”2-6”) Sin 2(g”—h”) }
3 n'?b?]

-2 722 (_3,56"%)sin 2h".
4 nz 77113 G//

From these equations it can be shown that

S; (coupling) = +

' 5k "
n n@

n 2 n 2 LI
V(2 = (23207 (1-6"D)7"2(15 -1772) sin 2h"
4096¢<2

-46"(1-6"2)(5-37"?)2 sin 4h"
+80(1+6")2(2-36"7"2(1 =7"?)sin(2¢"+ 2h")
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+80(1-6"%(2 +30")7"2(1 -m"?)sin(2g" - 2h")

+10(1 +6M2(1 = 9"Y1-7"?) [5(1-6")~67"?] sin(2g" +4h")
+10(1-6"2%(1+0"Y(1-7"?) [5(1+6")-67"2] sin(2g" - 4h")
+25(1+0"(1-7"H{(1-6")-27"?] sin (4¢" +4h")

+25(1-0"31-7"H[(146")-27"2] sin(4g" -4h") }

2
9 t_u -4 vn(C 2 " "2 "2 . .
356" 7 (n ) I,b* {46"(1-6"%)(5-31"%)sin2h

*
(4
+5(146")2(1426"-50"3)(1-1"?)sin(2g" + 2h")

+5(1-6M2(1- 26" -50"2)(1-7"?)sin(2g" - 2h") }

9 ng\?
- 515 n’ n""‘<—*> J52b% {-80"(1-6"%)(5-37"%) [2 sin2h" —sin4h"] -

Ng

-20(1 +8M%(1-6")(3-56")(1 -71"?) sin (2¢g" +2h")
-20(1-6"%(1 +6")3 +56"Y(1 =7"?) sin (2g" - 2h")
+5(146")2 (1 -0"Y(1+568")(1 ="?)sin(2g" + 4h")

+5(1-6"2(140")(1-568")(1-7"?)sin (2¢" - 4h")}

Ne

9 nl 2 6”2(1 _ 8”2) 9 nl 2 91/2(1 _ 9;/2)
+—=(—=) n'? —— "7 7 b*sin2h"- = [—) n'? V""" % 32 b*sin 4h",
8 < ) T]"6 HII 2Y22 16 %k 77:/6 Hu 22
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n 3 n
F/ (coupling) =+ 1—98 (f-) <—f> “—2 a’'?/1-e"2 cosT'{ [(2 +33e"2)=(2-17e"Jcos? I]
€

+15e"%sin? I"cos 2¢g"}

e\ /Pe\n'?sin?I"cos 1"
s <—¢><—> S 1,2 {2(2+3e"H)415e"2cos 2¢" }
e(l -e"2)2

n'\ n'?sin?I"cosI" _, b
T 22 ’
a'2(1 _eu2)7/2

and, of course,
S; (coupling) = 0.

It is important to note that S, (coupling) is made up of second order
terms though it is obtained by means of multiplying a second order quan-
tity by a first order quantity.

The next few sections are devoted to the computation of F; . From
that computation various-additional parts of P;’ s Sé , and S; are then
derived.

15. The Radiation Pressure

For this computation the shadow effect will be neglected. Its in-
clusion would require, of course, the introduction of a shadow function
due both to the moon and the earth.

Consider o to be the absolute value of the acceleration of the or-
biter arising from the solar radiation. Then, the disturbing function
for the radiation pressure will be given by

_ "
R =-orcos STy
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or, neglecting the inclination of the lunar equator to the sun's orbit,
R =-or [cos(f +g)cos(Q-X)

=2

-sin (f 4+ g) sin(Q - A ) cos I].
The elimination of short periodic terms gives

1 $
R = aa'e'{cosz—%cos(g'+h' +Ag - KO) + sin? ;—cos(g’ -h' A, - AQ)}:

ol w

where use was made of the formulas

2m

- rcosfdl:--;ae

1 2m
—_— i f dl = 0.,
Gy J(; r sin

and where the node () was written in terms of the canonical vari-
able h. Thereisno secular contribution from this effect, that is,

F;. (radiation) = R. . =0. On the other hand, since there are no terms
strictly independent of time, the contribution to S, is zero, or

S; (radiation) = 0.

Therefore,

9S; (radiation)
5T =F;,, (radiation) =R_,

or

. . 3 O'a. e” I” . " " N
S; (radiation) = -|-3 W{cos2751n (g" +h" + Ng = )
e e

. I” . n "
_51n2—2sm (g -h +>\®—>\$)},
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where

- n*

Ag=ng T +const.
= *

A = N¥ 7 tconst.,

and n} and n: are, respectively, the mean motion in longitude of the sun
around the moon and of the moon around the earth. Of course, nz—n’; ~ nz
is a good approximation.

16. The Second Legendre Polynomial for the Sun's
Gravitational Perturbations

To restate what has been said previously, the most important term
in the disturbing function due to the sun's gravity is

F3 fr\? ’
r_3 (—r-;> P, (cos §i3),

n

13» the sun can be considered to move

where, for the computation of S
along the moon's equator.

Then

cos Sj;=cos (f + g) cos (1-A,) -sin (f + g) sin (2=, ) cos I.

On the other hand, neglecting the mass of the moon,

64




Furthermore, if the eccentricity of the earth orbit is neglected,

"

F; (sun) =n2 r2 P, (cos Sj;) =

1 "
:Ené r2 (3 cos? Sis- D=

:%n;‘; r? {0052 (f+g) cos? (2-A) - 2sin (f+g) cos (f+g).

- sin (Q-A ) cos (-A ) cos I+ sin? (f+g) sin? (2-X\,) cos? I}

D

1
N =
o}

That this contribution is of the third order is visible from the fact that

2 2
(2
n 10 n

LSRN

where

28
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&

(3]

Now

F; (sun) :l;’-né r? {(cos2 f cos? g + sin? f sin? g) cos? (Q-A))
-2(-sin?fsingcosg + cos? fsin g cosg) sin (1-A ) cos ((1-A ) cos I
+ (sin? f cos? g + cos? fsin?g) sin? (0 -A ) cos? I}

—%n; r2+%n r2sin fcosf . Q,

where Q is independent of f.
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In order to obtain the part of F, (sun) independent of I, F3 (sun) is aver-
aged over /. The following well known integrals are used:

1 (7
EL r? cos? f dI = a2 <—;-+ 2e2>

2m
— r? sin f cos”" fdl =0 (n=0,1,2, ...)

27 1
7 L r? sin? f di = Ea"’ (1-e?)

1 (7
E’L 2 dl = a? (1+%e2>.

They are obtained using the eccentric anomaly as the variable of inte-
gration. It follows that

F! (sun) = g—ng a" {-2(2 +3¢"?) (1-3 cos? I") + 30e"? sin? I" cos 28"
+6(2 +3e"?) sin? I" cos 2 (h" + Ag-Xy)
+15e"? (1+cos I")? cos 2 (g +h" + Ay =Ay)

+15e"? (1-cos I")2 cos 2 (g" -h" =Ny +A) }.

The secular contribution is

- L

FJ (sun) i

n? a"? {- (2+3e"?) (1-3cos?1") + 15¢"% (1- cos? I") cos 2g"},
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There is no contribution to S;,and the contribution to S; is

2 n2
3008 ) (243e?) sin? I* sin 2(h" + A - A
———n—*{(+e)sm sin 2(h" + A - AQ)
5]

S; (sun) = 64 o

"2 " . " "
+5e"" (L+cos I")? sin 2 (h" +g" + A5~ \y)

+5e"2 (1-cos I')? sin 2 (h" -~ g" + Ag - AG)} .

17. The Third Legendre Polynomial for the Earth's
Gravitational Perturbations

Referring to page (19)

Ha o fr\3 '
F; (earth) :?0— (r_0> P; (cos §/)) .

Now,

m@
ngad=k%(mg +mg)=k?mg (1 +m—®) =W, €,

so that considering the moon's orbit to be circular,

2,3
N fe r? S/ y =
; F3 (cos S;p) =

F; (earth) =

1 1 ’
3 e: r3 (5 cos? Sjo-3cos S/,
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where it is permissible to write

cos §1'0 = cos (f+g) cos (Q-A,) - sin (f+g) sin (1-Ag) cos I =

=%cos f [(1+cos I) cos (g+h) + (1-cos I) cos (g-—h)]

- _;. sin f [(1+cos I) sin (g+h) + (1-cos I) sin (g—h)] )

If
Ag :% [(1+cos I) cos (g+h) + (1-cos I) cos (g—h)]
B, =% [(1+ cos I) sin (g+h) + (1-cos I) sin (g-h)] ,
then
cos S/, = Ay cos f - By sin f,
so that

2

. LA {5 [A; cos3 f- SAé By cos? f sin f
a
€

n

F, (earth) :%

+ 34, Be23 cos f sin? f—Bg sin3 f] -3 [Aea cos f-Bg sin f]}

The short period terms are eliminated with the aid of the integrals

2m
-2—17-7‘[ r3cosdfdl =-al (1—8§e+§e3>:—ga3e(3+4e2)
1 (7
—-j r3 sin fcos" fdl =0 (n=0,1, ...
27 0
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2T
-—j. r3cosfsin2fdl:-—§a3e(1—e2)

2m
—II r3cosfdl:-§a3e(4+3e2).

27
0
It follows that
' 5 I‘lg a'3 e, 12 13 ’ 2 12
Fy (earth) = - &~ {5[(3+4e ) A+ 3A, B2 (1-e'?)]

- 34, (4+3e'D},

where

! 1 [} ' , ’ ’ I ']
A$3:3_2 {3@-6'% (1-6") cos (g'-3h") + (1-6")3 cos (3g’'-3h’)

+3(1-0'%) (1-6') cos (3g’'-h') + 3(1-6") (3+20"+36'?) cos (g'-h")
+3(1+6") (3-26"+30'%) cos (g’ +h') + 3(1-6'2) (1+6') cos (3g' +h")

+3 (1-6'?) (1+6') cos (g'+3h') + (1+6")3 cos (3g'+3h')}

1 - 1
Ay :5(1+9') cos (g'+h") +E(1-9') cos (g'-h")

A, B2 = é {(1+6") (3-20"+36'2) cos (g’ +1")

+(1-6") (3+26"+36'%) cos (g'-h') - 3(1-6") (1-6'2) cos (3¢’ ~h")

+(1-6')(1-6'%) cos (g'-3h’) - (1-6')3 cos (3g’- 3h’)
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- (1+6') cos (3g'+3h") -3(1 +6')(1-06'?) cos (3g’'+h")

+ (1+6') (1-6'%) cos (g'+3h")}.

The contributions to F; and to S; are both zero. The contribution to
S, is then given by

S; (earth) = -i* JF; (earth) dh',
n
c
or

S, (earth -5 (le 25—&{-9 1+cos I")(1+10 cos I"-15 cos? 1")(4+3e"2)sin(g" +h")
2 (earth) = 1536 | x| . € (1+cos I")(1+10 cos I"~15 cos™ I". #)sin(e

+9(1-cos I")(1-10 cos I"~15 cos? I")(4+3e"?)sin(g"~h")
+15sin? I” (1+cos I")(4+3e"?) sin (g" +3h")

~155sin? I".(1-cos I")(4+3e"?) sin (g"-3h")

+315sin? I".(1+cos I") e"2 sin (3g" +h")

~-315sin? I" (1-cos I") e"? sin (3g" -h")

+35 (1+cos I")3 e"? sin (3g" +3h")

—35(1—COS I”-)3 e”.2 sin (3g1173hu)} )

18. The Eccentricity of the Moon's Orbit

The correction for the eccentricity of the moon's orbit is given by

a.\3 ~
Fy(ee) = l:(-r;c) - ] r? P, (cos Sy,

I:J
on

4
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or, keeping only the first power of e

—_——————— -
]
w
N\
[¢]
(3]
N’
1]
Njw
¢}
(3]
o
"
N
(o]
0
17/}
~~
3]
)
N
~~
0
o
w
w
-
(=]
N’

C’
2
Ne
i
2
3 €c e
=7 r?2 (3 cos? S, - 1) cos I,
{
/
where the mean anomaly /; is /5 =ng t+const. Then,
b
3 nga’

r Fj (ee) = sa— T Ce {-2(@2+3e'?)(1-3 cos?1') + 30e'? sin?I' cos 2¢'

f +6 (2+3e'?) sin? I' cos 2h' + 15e'% (1+cos I')2 cos (2¢g'+2h")

+15e'2 (1- cos I')? cos (2g'—2h')} cos,lg -

There are no contributions to S; or Fg The contribution to S; is

n, a"?e

3 2 (-2(2+3e") (1-3cos? T')

64

S; (ee) =
+ 30e"? sin? I"cos 2g"+ 6 (2+ 3e"2) sin? I" cos 2h"
+15e"2 (1+ cos I")? cos (2g"+2h")

+ 15e"2 (1-cos 1")? cos (2g"-2h”)} sin g

It is worthwhile to note that although this result is a part of a third
order generating function its actual order is (ne¢/n) ec which is consid-
ered to be second order. A small divisor n¢ is introduced through the
integration.
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19. The Inclination of the Moon's Orbit to its Equator

The expression for the earth's perturbation is

2 L2

n r ,
P2 (cos S ),
where cos S|, =K(i ). By a Taylor expansion, if sin i, is small,
9K (ig)
cos S! =~ K(O —%  ’sini, =
S S0 (0) + {a(sini¢) ¢
ig=0
~ dcos S,
’ . .
= cos S, + - sin ig-
cos i, di,

3né r? 9 cos Sio ~
Fy(ip)= sin ig cosS,.

€ cos i, Blc

From the expression for the cos S;o it is easily found that the quantity
in the bracket is

sin I sin vy sin (f + g).

Thus

n? r?

F,(ig) = 3 cos S}, sin (f 4+ g) sin vy sin I sin ig-

Now

cos §;0 sin (f + g) =sin (f 4+ 8) cos(f + g) cos h

-sin?(f + g)sin hcos I-
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27
5
2_7?_5. rzsin(f+g)cos(f+g)dlzz a?e? sin 2g

1 (7 1)1 (¥
2 2 o: 02 A 2
2 L resin“ (f + g)dl = 2 |2 JO r< dl

2m

- — r? cos 2(f+g)dl}:
27

0

:% {az (1 + % e2) - % a2 e? cos 2g},

the part of F,(i,) which is free from short periodic terms is

, . 31‘12 a'2
Fi (i) = & sin Ve sin I" sin i, {-2(2 + 3e’?) cos I' sin h'
8¢

+5e'2(1 cosI')sin(2g’ +h') + 5e'2(1 - cosI')sin(2g' -h') }.

There is no contribution to F;’ and S; . The contribution to S; is

2 n2
3nc a

S;(ig) == — = cosv, sinI'sini, {-2(2 +3e"?) cos I" sin h"
8e(n, + Nay)

+5e"2(1 + cos I") sin(2g”" + h") + 5€"2 (1 - cos I") sin(2g" - h") }»

where N, is given by @, =N« t + const. /Again, this is a second

order contribution since n? /(n, + Nw,) ~n,.
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20. The Non-Sphericity of the Potential Field of the Earth

Because of the fact that the earth's equator is not the reference
plane, the form of the disturbing function due to the zonal harmonic co-
efficient j, of the earth will be derived from basic relations.

In Figure 5, E is the earth, M the moon and S the orbiter.

’
310

9¢

Figure 5

The disturbing function for the motion of S is given by

k2 m R2 .
® ® ) .
Fe = { - 122 P2(51n cp)}’
! T3

where R, is the equatorial radius of the earth and ¢ the latitude of the
orbiter with respect to the earth's equator. The part k?m,/r’ has al-
ready been taken into account and the rest is supposed to be a 3rd order
quantity. Therefore

k2m® 2 - .
F3 (®) = - r;3 Rg i, P, (sin ).

If the terms (a/ay)j, and e, j, are neglected, it follows that

2 p2 ;
ng Rg i,

Fs(e):— €

P2 (sin @) ,

assuming a_/r; = 1.
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The angle ¢ must now be expressed in terms of the orbital elements
+ of the lunar equator.

In Figure 6 the geometry of the problem is given.

orbiter’s path

earth’s equatorial plane

earth’s orbit around the moon

~ moon’s equatoriai piane

Figure 6

From basic relations of spherical trigonometry it is found that
sin ¢ = (sin I cos I -~ cos Y cos I sin I)) sin (f 4 g)
- sin I sin y cos (f 4+ g).
Then, if
A =sin I cos I, -cosycosIsinI

B =-sinI siny,
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we have
2p2 :
ngRg i,

F, (@) = - {[% (A +§2)_%]+%(§2_K2) cos 2(f + 8

€

+

ol w

AB sin 2 (f + g)}.

In order to eliminate the short periodic terms, the following integrals
are needed:

2
ij cos 2 fidi = 232 (-1- n 1-e2)
\ 2

2
5 sin2fdl:0,
0

where

5:% (1-,/1-¢).

(The use of 3 here is not to be confused with its use earlier as the latitude.)
They are easily obtained by considering the expansion

di =df + 22 k Bk (% +/1 -e2>cos kf (~1)*df,
k=1

which is the differential of the equation of the center. It follows that

n2R2 j

' _ _c_i_2 _3_—2 _2_1_ _3_42 l 12
F, () = - - {4(A +BO-5 +5 B <2+ 1-e

- [(B? -A?) cos 2g' +2ABsin 2¢’ ]}:
where

B' =B ().
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Furthermore, since y = h+ A\, - ', where Q'is the longitude of the
‘descending node of the moon's equator on the earth's equator, we have

and

ap-1

B? ; A2 - (sin2 I' cos? I +% cos? I'sin? I, +% sin? I®>
-% sin? I, sin? I' cos 2(h' + Ny - Q)

1 . . 1 7 rali
- sin 21, sin 21" cos (h' + Ay - 1)

R ry 1 22 s 2 T4 2 1 2 11 2.2
B2 _ A% - <5 sin® I, - sin? I’ cos I, =) cos? I’ sin Ie)
—% sin? I, (14 cos?2 I'y cos 2(h' + Ne -

¢ 3 sin21'sin2 I cos (b + A, - ),

sin? Igcos I'sin2(h' + Ag = ) =2 sin2 I sin T’ sin (b’ + A, - ).

Thus, the contribution to Sé is zero, and the contribution to F; is

U 1
WF3 (@) = §

2 . p2
n¢12R

®
— {"(l -3cos?21I")

+38"2(1 4+2,/1 "2 ) sin? 1" cos 2g"} (1-3cos?L).
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The contribution to S; will be given by the integration of

2 . 2 .
38 (6) 3 MclaResinlg

_3 -2sin I"[sin I" sin Ij cos 2(h’ + Ag - )
oT 16 €

+4cos I"cosIgcos (h'+ Ao - an)

+5"2(1 +2/1- e”2) [-(1 +cos I")?sin Ijcos 2(h' +g" + X4 - Q)

- (1 -cosI")?sin I, cos 2(h' -g' + A\g - Q'
+4sinI"(14cosI")cos I cos(h +2g' +Xe - Q)
—4sinI"(1-cosI")cosI cos(h'-2¢g' + Xy~ Y] }
Since

a raY
57 (he - @) = n - Ny,
we have
2 . 2 .
siey-. 3 Meiafesinde
3 = -

= {-2sin I"[sin I" sin I sin2(h"+ Ke-ﬁ')
32 €<n: -NQC)

+8cos I"cos I sin (h"+ Ag = a9y ]

+B82(142/1-62) [=(1 +cos T")2sin I sin2(h" 1 g" + Ag = (1)
$
~(1-cosI")?sinI sin2(h"-g" +2q - )

+8sinI"(14+cos I")cos Igsin(h"+2g" + Ag - )

-8sinI"(1-cos I")cos I sin(h"=-2¢g"+ g - ﬁ')]}-

78




21. Higher Order Zonal Harmonics for the
Moon's Potential Field

The terms corresponding to J3s T4 J; are obtained immediately
from Brouwer's theory for artificial satellites (Reference 1). Their
contribution is entirely to the ''secular' part of F; . So

7 3 nl2 J3 b3 " - " n 37 "
Fi(J3.4,5)=- = ————— e"sinI"(1-5cos2I") sin g
8 a'(l —e"2)5/2

3 n'?2 J4 b4
" 128 " ~n [(3-30cos?I"+35cos*I")(2+ 3e"2)
al (1 -e” )
-10(1-8cos?I"+7cos*I")e"? cos 2¢"]
5 n'? JS bS
- 758 e"sinI" [6(1-14cos?1”" 4 21 cos? I"):

a13(1 _ el/2)9/2

“(4+3e"?)sing" - 7(1-10 cos?2I” ; 9cos*I")Ve"?sin 3 g"] .

The orders of magnitude of these terms will depend, for reasonable val-
ues of e”, on the values of J,, J,» and Jg, which are not very well
known.

22. Physical Libration, and the Precession of the
Lunar Equator

Physical libration causes a periodic oscillation in the position of
the lunar surface, thereby creating a small angular displacement be-
tween the principal lunar meridian and the earth-moon line of centers,
The largest contribution to this displacement is given by

X =asind + X, (see Reference 9, p. 316)
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where

a=-59"=-2.86x10"*rad.
X, =cons tant dependent upon the initial time

/ﬁe =.mean anomaly of the sun.

Let ¢ 7 ¢ and xy z be lunicentric, equatorial coordinate systems
with the ¢-axis directed toward the earth and the x-axis passing through

the principal meridian (see Figure 7).

Figure 7
Then,
+~ OoF . OF
f =—, = —
o y
x =§ cos x + 7 sin y
y =-¢ sin y + 7 cos y.
Thus,

5(':};;cosx+"r'):sinx+2an®cos{O(ﬁ cos y - & sin x)

-an? sin 4 (n cos x - £ sin x) - aznécosz/ﬂo(n siny + £ cos x),
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where n, = mean motion in the mean anomaly of the sun.

But
fcos x ~ ¢ siny=an x cos 4 +y
° -, oF
£cosy+ msiny= —
ox
S0
e aF /ﬁ £ . 2 . { . )
X :—a—x + 2an®cos O(anex cos 4, +y) -ang sin 0(77 cos y—- £ sin y
- a? ng X cos? Ay
Now
a2 n2
2 ~ 0(10-12y
n
2
an
l_® ~ 0(10-9)
n2
ang -6
= r\,Oi(lO ).

Therefore, if one neglects terms higher than third order, one has

X! = oF +2an,y cos 4.
ox

A similar computation yields

.. ©OF . 2
y:-—-2an®xcos ®"
dy
Thus,
9F .. ©OF
X= —,y= —,
Jx Ay
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where F-F4 2ang (xy - xy) cos 4,
=F +2an_ Hcos 'ﬂe'

Hence, the addition to the Hamiltonian of the problem is

F;(lib.) = 2an Hcos 4_.

Then,

]
o

F,, (1ib.)

Fy,,/(1ib.) = 0

Fspf(lib.) =2 ang H cos ’f’o’

and therefore

98! (Lib.)
— = 2an  Hcos 4, = Sj(lib.) = 22 Hsin Lo -

Now, the precession in the lunar equator is created by the small
angle of inclination (~1°32'.1) between the lunar equatorial plane and
the ecliptic. This results in the regression of the equatorial node in
the ecliptic. However, the motion of the node is already implicit in

* ‘s .
the ng — hence, no additional corrections need be made,

23, Complete "Secular" Third Order Hamiltonian

The complete secular third order Hamiltonian is given by

F, = F; (coupling) + Fj (sun) + F (®) + Fy J3,4,5)

Formulas for the various parts of F; can be found in preceding
sections.
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24, The Determining Function for Long Period Terms

Additional long periodic perturbations depending on the motion of
the node, the motion of the earth and the motion of the sun will be given

through the determining functions S, and S, - The determining functions
S, and §; are

S, =S, (coupling) + S, (earth)
S; =S, (radiation) + S;(sun) + S; (ee)
+85 (ig) + S5 (@) + S; (libration).

In the next section, the partial derivatives needed in order to find
additional perturbations in the canonical elements are given.

25, Long Period Perturbations of Second Order

The perturbations of long-period are obtained from

_ ‘aLII aL/I ‘aLu aLn —al 1
,_3s _, %St %5 05, ,_3S _ ., 95 95, 08,
-T—— =g — t =+ — = — = T —
aGu -aGn ‘aG aGn ’agl 'agl 'agl agl
9s; 38! ¢! 3s! 2s, dS!
h”:ai:h' —+——2 _3, ’:3§._H”+_1+_2+_3.
oH" oH" OH" ON oh' oh' 9h' dh'

The terms corresponding to S, have already been obtained. Next
the partial derivatives of S; and S; with respect to a", e", 1", g,
and h' are computed. For convenience, however, the primes have been
dropped in this section.

83




The '""mean' mean motion n’ (called n) depends on a’' (called a)

through the relation

and

a BS+ 1-e2 38
H Jda evua 8e

w1 floetis, el 3
oG e pa de Vpua (1-e?) o1

ﬁ_

1 oS

sin 1V pa (1-e?) oI

The partial derivatives of the various parts of S, and S; are as follows:

98, (coupling) 63
= =+
Jda 8192 €2

(

Ne

n.\2 ne 2
_“> <_> N8 _ {32 sin?IcosI(l-e2)(2-17e?)sin2h

-4sin?Icos I (2+3e?)’ sin 4h

+80 (1+cos I)?2 (2-3 cos I) e? (1-e?) sin (2g+2h)

+80 (1-cos I)?2 (2+3 cos I) e? (1-e?) sin (2g~2h)
+10sin? I (l+cos I)e?[6e?- (1+5cos I)] sin(2g+4h)

+10sin? I (1-cosI)e?[6e?-(1-5cos I) ]l sin (2g-4h)
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+25(1+cos1)3e? [2e2~(1+cos I)] sin (4g+4h)
+25(l-cos I)®e? [2e?-(1-cos I)] sin (4g-4h) }

27 [Nc\? n . .
-——(—= b? ————— {4sin?IcosI (2+3e? 2h
<12 €< *> Js a(l—e2)2 sin“Icos I (2+3e*) sin

Ne

| +5(l+cosI)? (1+2cos I-5cos? I)e? sin (2g+2h)

+5(1-cos I)?2 (1-2cos I-5cos? I)e? sin (2g-2h) }

| n, \ : 2
| p 21 _(Ze) g, pr-BsintL o o1 (243e2)(2 sin 2hosin 4h)
1024 € Ne a (1—62)2

-20(1+cos I)3-5cos I)e? sin (2g+2h)
-20(1-cos I)(3+5cos I)e?sin (2g-2h)
+5(1+cosI)(1+5cos I)e?sin (2g+4h)

+5(1-cos I)(1-5cos I)e? sin (2g-4h) }

117 / n \2 snsin?IcosI .
-— bt ——————— 2h

H_7<£>2J2 b? nsin?IcosI sin 4h
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38, (coupling) i} 9 (n¢>2< c>2 na?sinl

——

31 " 2048 e2\n. n* /1-e

+{-16(1-3 cos? I)(1-e?)(2-17e?) sin2h

+2(1-3cos? I)(2+3e?)’ sin 4h

-40 (1+cos I)(1-9cos I)e? (1-e?) sin (2g+2h)

+40 (1-cos I)(1+9cos I)e? (1-e?) sin (2g-2h)

+10(1+cosI)e? [ (3-5cos I)(1+2cosT)
-3e2(1-3cos I)] sin (2g+4h)

-10(1-cosI)e?[(3+5cos I)(1-2cosI)

-3e?(1+3cos I)]sin(2g-4h)

+25(1+cos I)2e? [2(1+ cos I)-3e?] sin (4g+4h)

-25(1-cos I)2e? [2(1-cos I)-3e?] sin (4g-4h)}

ne\? nsin I .
+ —) J, b2 2222 {_(1-3cos? I)(2+3e?)sin 2h
64 ¢ <n*) 2 (1-e2)2 ( X

c

-5(l+cos I)(1-cos I-5cos?I) e? sin (2g+2h)

+5(l-cos I)(1+cosI-5cos?I)e?sin (2g-2h)}
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" 256¢

n_\2 .
(_«:) J,,b? 220 L (4(1-3cos? I)(2+3e2)(2 sin 2h-sin 4h)
ne (1-e?)*

~20(1+cos I)(1+7cos I-10cos? I) e? sin (2g+2h)
+20(1-cos I)(1-7cos I-10cos? I) e? sin (2g-2h)
-5(1+cos I)(1+2cos I)(3-5cos I) e? sin (2g+4h)

+5(1-cos I)(1-2cos I)(3+5cos I) e? sin (2g-4h)}

/_;_\2 5,14 pé " «inT(1-3 c7<:;22 D s 24
ng a? (1-e2)

9 (_&)2 2 pensinI(1-3 cos?D) . a4

¥ | J22
Ne a? (1-e2)"/?

n

4096 €2

98, (coupling) _, 9 <n¢)2<n¢>2 nale

ng) (1-e%)/%

«{-96 sin? I cos I (12-17e?)(1-e?) sin 2h

-4sin? Icos I (2+3e?)(14-9e?)sin 4h
+80(1+cos I)2 (2-3cos I)2-3e?)(1 - €?) sin (2g +2h)

+80(1-cos I)2 (2+3 cos I)(2-3e?)(1-e?) sin (2g-2h)

+10sin2 I(1+ cos I) [6e2(4-3e?)-(2-e%)(1+5cos I)]sin (2g+4h)

+10sin? I(1- cos I) [6e2(4-3e?)-(2-e?)(1-5cos I)] sin (2g-4h)

+25(1+ cos I)3 [2e2(4-3e?)-(2-e?)(1+ cos I)] sin(4g+4h)

+25(1-cos I)3 [2e2(4-3e?)-(2-e?)(1-cos I)] sin(4g-4h)}
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n.\2
1 9 (43—> J, p2 —1° 3 {4sin?Icos I (7+3e?)sin 2h
28€\ng (1-e?)

+5(1+cos I)? (1+2cos I-5cos? I)(1+e2) sin (2g+2h)

+5(1-cos I)? (1-2cos I-5cos? I)(1+e?) sin (2g-2h)}

__9
256 ¢

n_\2
(—:) J,, bzﬁs—‘i‘—a—I {-8 cos I (7+3e?)(2 sin2h-sin4h)
e (1-e?)

-20(1+cos I)3-5cos I)(1+e?) sin(2g+2h)
-20(1-cos I)(3+5cos I)(1+e?) sin (2g-2h)
+5(1+cos I)(1+5cos I)(1+e?) sin (2g+4h)

+5(1-cos I)(1-5cos I)(1+e?) sin (2g-4h)}

63 nesin?IcosI .
¢ & ( ) 3,7,,b" °52 sin 2h
8 32 (1—82)

2
63( >J 4 nesin ICOSIsin4h

16 a? (1-e2)*?

{8(1+cos I)? (2-3cos I)(1-e?)-

n

98, (coupling) 45 (“c 2 /mn\2 ale
- (—
og 1024 €2 ) < > /1 - o2

. cos (2g+2h)
+8(1-cos I)2 (2+3 cos I)(1-e?) cos (2g-2h)
+sin?I (1+ cos I) [6e?-(1+5cos I)] cos (2g+4h)

+sin?I (1-cos 1) [6e?-(1-5cos I)] cos (2g-4h)
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+5(l+cos I)® [2e?-(1+cosI)] cos (4g+4h)

+5(1-cos I)3 [2e?-(1-cosI)] cos (4g-4h) }

n_,\2 2
+'1;85€<.n;:‘> J, b? lne2 2 {(1+cos 1)? (1+2cos I-5cos? I)cos (2g + 2h)
3 (1-e%)

+(l-cosI)?2 (1-2cos I-5cos? I)cos (2g-2h)}

n_\2 2 i 2
- _ﬁ <_:.> J22b2 ﬁ_s_m_l {._4(1+ cos I)(3-5Scos I)cos (2g+2h)
256 ¢ nc (1—82)2

~4(1-cos I)3+5cos I)cos (2g-2h)
+(1+cosI)(1+5cos I)cos (2g+4h)

+(1-cos I)(1-5cos I) cos (2g-4h) }

98, (coupling) n\2 /n_\2 2
2 = 4+ E (_cc) —g— 28 {16sin2IcosI (1-e2)(2-17e?) cos 2h
oh 10242\ 1/ \n¢) /T g2

-4sin?Icos T(2+3e?)’ cos 4h

+40(1+cos I)2 (2-3cos I)e? (1-e?) cos (2g+2h)
-40(1-cosI)? (2+3cos I)e? (1-e?) cos (2g-2h)
+10sin? I (14cos I)e? [6e?2-(1+5cos I)] cos (2g+4h)
-10sin?I (1-cosI)e? [6e2-(1-5cos I)] cos (2g-4h)
+25(1+cos I)3e? [2e2-(1+cos I) ] cos (4g+4h)

-25(1-cosI)3e? [2e2-(1-cosI)] cos (4g-4h)}
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9 [ncV? n
+— —;) J, b? — {4sin? Icos I (2+3e?)cos 2h
128¢ ne (1—82)

+5(1+ cos I)2 (1+2cos I-5cos? I)e? cos (2g+2h)

-5(1-cos I)2(1-2cos I-5 cos?I)e? cos (2g-2h)}

n.\2 in2
- 129 <¢:-> anﬂ&% {-8 cos I(2+3e?)(cos 2h-cos 4h)
8€\n¢ (1-e2)

-10(1l+cos I)(3-5cos I)e? cos (2g+2h)
+10(1l-cos I)(3+5cos I)e? cos (2g-2h)
+5(l+cos I)(1+5cos I)e? cos (2g+4h)

-5(1-cos I)(1-5cos I) e?cos (2g-4h) }

+

Fy o)

2 f02
<£,F>J2J22b4 nsin“Icos1 cos 2h

Ne a? (1—e2)7/2

£l

2 s 2
<L*> J§2b4 nsin IcosICos 4h
Ne a? (1--e2)7/2

9S, (earth) 5 ne\ ncate
3 - 512 ¢ a {-9(l+cos I)(1+10cos I-15cos? I)(4 +3e?) sin(g +h)
a

n* ¢

[

+9(1-cos I)(1-10 cos I-15 cos?I)(4+3e?)sin (g-h)

+15sin2 I (1+ cos I)(4+3e?) sin (g+3h)
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‘ ‘ -15sin? I (1-cos I)(4+3e?)sin (g-3h)
+315sin? I (1+cos I) e? sin (3g+h)

- 315sin? I (1-cos I)e? sin (3g-h)
+35(1+cos I)?e? sin (3g+3h)
-35(1-cos I)3e? sin (3g-3h) }

i 98, (earth)
o1 51

A

oo

[4

(-r-l—c-\nc 2esinl {3(11-10cos I-45cos? I)(4+3e?)sin (g+h)
E\RE/ ?
+3(11+10cos I-45cos? I)(4 + 3e?) sin (g-h)
- 5(1+cos I)(1-3cos I)(4+3e?) sin (g+ 3h)
-5(1-cosI)1+3cosI)(4+3e?) sin (g-3h)
~-105(1+cos I)(1-3cos I)e? sin (3g+h)
-105(1-cos I)(1+3cos I)e? sin (3g-h)
- 35(1+cos I)? e? sin (3g+3h)

- 35(1-cos I)? e? sin (3g- 3h) }

98, (earth) 5 [ng\ ngad
= ( ) {-3(1+cos I)(1+10cos I-15cos? I)(4+9e?) sin (g+h)

de T 512¢ n_fg

ac

+3(1-cos I)(1-10cosI-15cos?I)(4+9e2)sin (g-h)

+5 sin? I (1+ cos IX(4+9€?) sin (g+3h)
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-5sin21 (1-cos I)(4+9e?) sin (g-3h)
+315sin? I (1+cos I)e? sin (3g+h)
-315sin?1I (1-cos I) e? sin (3g-h)
+35(1+ cos I)3 e? sin (3g+3h)

-35(1-cos I)3 e? sin (3g~3h) }

{-3(1+cos I)(1+10cos I-15cos? I)(4+3e?) cos (g+h)

og ~ 512¢ n_:— a.

9S8 (earth) ;5 <nc)n¢ ade
+3(1-cos I)(1-10 cos I-15cos? I)(4+3e?) cos (g-h)
+5sin? I (1+ cos I)(4+3e?) cos (g+3h)
-5sin?I(1-cos I)4+3e?)cos (g-3h)
+315sin?2I (1+cos I) e? cos (3g+h)
-315sin?2I(1-cosI) e? cos (3g-h)

1 35(1+cos I)3 e? cos (3g+3h)

-35(1-cos I)3e? cos (3g-3h)}

9S, (earth) 5 [neg\ Ne ade
= < > {~3(1+cos I)(1+10 cos I-15cos? I)(4+3e?) cos (g+h)

3h T 512¢ \n*

c a

[

-3(l-cos I)(1-10cos I-15cos? I)(4+3e?) cos (g-h)

+15 sin? I (1+ cos I)(4+3e?) cos (g+3h)
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+15 sin? I (1-cos I)(4+3€e?) cos (g-3h)
+105sin? I (1+cos I) e? cos (3g+h)
+105sin? I (1-cosI) e? cos (3g-h)

| +35(1+cos I)® e? cos (3g+3h)

|

\

\

+35(1-cos I)3 e% cos (3g-3h) }

[¢Y)]
wn
w -

| V3 oce [ 51 . h NN ., I e gih A ;
‘ =5 o icos Esm( +g+Ag=Ag) +sin Esu‘x( g+Ay Gf
e

9S; (radiation)

=3 228 ST gin (higahg-ho)+ sin (hogthg-Ay) }
oI 4 np*_p*
¢ e
9S8! (radiation
3 ( ) :é ga {COS2"£ sin (h+g+ }\,e— >\.®) + Sin2 l sin (h"g+ A@—}\Q)}
ae 2 n:_n; 2 2
98! (radiation
3 ( ) -3 cae {cos"’}- cos (h+g+>\®—>\@)‘5m2‘l"cos (h-g+>\@->\®)}
g 2 n:—n; 2 2
98! (radiation
3 € ) = 3 _cae {0052 lCOS (h+g+ KQ‘}\Q) + sin? lcos (h-g+ Ae_xe)}
3h 2 n*_n* 2 2
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3S, (sun) 2
3
2 .3 e® (2(243eMsin? Isin 2(h+ Ay - Ay)
*

da 32 n*

e - Mo
+5e2(1 +cos D?sin2(h+g+hg = Ay)
+5e?(1-cosI)?sin2(h-g+Xg=A,)}
98! (sun) 2 a2sin 1
— :—3- -ni——- {2(2+3e%)cos Isin2(h+ Ay =AY
ol 32 & * ®
e =~ o

-5e? (1 +cos IV sin2(h + g + N _KG)

+5e2(1-cosI)sinQ(h-gq-}\GB—?\@)}

3S! (sun) 2 32¢
3 3 %
- . =~ 6 si 2 : _
e 32 {6 sin Isin2(h + Ay >\®)

+ 51 +cos D¥sin 2(h 4 g + Ay = Ay)

+5(1 =cos D?sin 2(h-g + \g = A}

BS; (sun) 15 ng a? e? ,
___ag___:5 n:-n’; {(1 4 cosT)? cos 2(h+g+Ay =~ Ay)

—(1-cosI)2cos 2(h-g+Ag -A)}
(3] o]

{2(2 + 3e?)sin2 I cos 2 (h + Ay = Ap)
. 3] 0]

+5e2 (1 y cos ID? cos 2(h + g + Ag = Ap)

+5e2 (1 —cos D2 cos 2(h-g + Ay - AO)}
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9S: (e.)
28 = 3 ne a {-2(2 +3e2)(1 = 3 cos?I) 4 30 e sin? I cos 2g
da 32¢
|
‘ +6(2+3e?)sin?I cos2h415e2(14+cos I)? cos(2g4 2h)
+15e2 (1-cos ID?cos(2g - 2h)} sin Iy
| 38! (e)
3ce 9 nGecazsinI {~2(2+3e?)cos I 4+10e2 cos I cos 2¢g
oI 32¢
+2(2+3e2)cosIcos2h-5e2(1+cosI)cos(2g+2h)
+5e2(1-cos ) cos(2g- 2h)}sin I,
98! (e )
3¢ 9 ncecaze {~2(1 = 3cos?I) +10 sin%?Icos 2¢g
de 32¢
+6sin?Icos 2h + 5(1 +cos I)? cos(2g + 2h)
+5(1—cosI)2cos(2g--2h)}sinlea
9S; (e,)
3 e __ A4S n.e,a’e? {2sin?Isin 2g + (1 +cos I)?sin(2g + 2h)
og 32e
+(1-cos D?sin(2g-2h) } sin
38! (e ) 9
3 < = - ncecaz {2(2 +3e2)sin2Isin 2h+ 582(1 +cCcoOs 1)231n(2g +2h)
oh 32¢

-5e2(1 - cosI)sin(2g - 2h) } sin L
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3S! (i) n2a sin I'sini
__i_f_ _.3 e € {22+ 3e?)cos I sinh

da 4c ng+ N,
+ 5e2(1 + cos I) sin(2g + h)
+5e2(1 - cos I) sin(2g - h) } cos v,
98! (i) n? a?sin i
3tel 3 e 7 ® (2(2+3e})(1-2cos?D) sinh
o1 8¢ nc +Nw¢

-5e2(1 4+ cos I¥1 -2 cos I)sin(2g + h)

+5e2(1 - cos I)(1 4+ 2 cos I) sin(2g - ) } cos v,

(i) n? a2 esinl sin i
¢ :__3_ ¢ ®{~6cosIsinh
Je : %3 ng + Ny

+5(1 4+ cos I) sin(2g + h)
+5(1 -cos I)sin(2g -h) } cos v,

38! (i) n?2a?e? sin I sin i
Pt 15 e € {(14cos I)cos(2g+h)

dg 4¢ ng + N,
+(1-cosI)cos(2g-h)} cos Ve
38! (i) n? a?sin I sin i
——3——c—=-—3- ¢ c{_2(2 +3e?H) cos Icosh
doh 8¢ ne +chc

+ 5e%(1 + cos I) cos (2g + h)

- 5e2(1 - cos I) cos (2g - h) } cos v,
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da
9S; (@) 3 nczc i, Ré sin I -
- {—2[sinIcosIsinIesin 2(h + Ay = O
*
ol 16¢ n(c -NQ(;
-4(1-2cos?I)cos I, sin(h 4 Ng - Q']
+ B2(142/1-e*)[sinI(1 +cos Dsin Iy sin 2(h+ g4 Ay - ')
-sinI(1 -cos I)sin Iea sin2(h-g 4 Ng - (9D
-4(l+cosI)(1-2cos Icos I$sin(h+2g+ >\$ -9
-4(1-cosIY(142cos I)c:osI(Bsin(h-2g+)\69 - 913
9S! (8) n2j R2B2sinl (2 +/1-€?) _
3 __ 3 ez d {-(1 +cosI)? sinly sin 2(hygsrg- Q)
de 16¢ e(nl‘ -Nge)
-(1-cos D?sin I sin2(h-g4ry- 0')
+8sinI(l1+cos I)cos IGB sinth+ 2g+>\GB - ﬁ’)
-8sinI(l-cosI)cos I, sin(h-2g 1A - 'y}
25 P2 A2 G 2
38! ng j, REB*sinl_ (142 /1-¢?) =,
2 ) 3 ez ° {-(1+cosD)2sinI cos2(h+gs Ay~ {)
og 16¢ e(n’;- NQc)

H(1-cos)?sinI cos 2(h-g+A - ')
+8sinI(1+cosI)cos I cos(h +2¢g +Ag - 91D
+8sinI(1-cos Icos I, cos(h-2g+Ag - Y}
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3S! (@) n2j Risinl —
3 = - 3 ¢l2”e ® {~-2sinI[sinl1 sinIecos2(h+>\e- aQny
oh 16€

n:— NQe
+4cosIcosIjcos (h+ry - ]

LB2(142/1-e) [(1+cos D2 sinI cos2(h+g+Xg ~ [0}

-(1-cosD?sinI cos2(h-g+A, - )

+4sinI(1 +cos D) cos I cos(h+2g+Ag - ah

-4sinI(1 -cosI)cos I cos(h-2g+Ag - a1}

BS_; (1ib.) ~
da -

0

38} (Lib.)
B

-2aGsinl sinr’(,(D
BS; (1ib.)
Qe

38} (Lib.)
3 -0
og

BS; (1ib.) o
oh

26. Secular Perturbations and Perturbations Depending Strictly on g"

At this stage of the problem the Hamiltonian is

no_ " n " "
FooF T LT 4 T
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*

2
where = - T = const.

2L'2

chl,, = n’;H" = const.
?’121 =F2Il(-’gll, -’L” GII,HII)

R N -0 0

and L', T and H" are constants in time. T is effectively a 3rd order
quantity but in the manipulation of von Zeipel's method its contributions
are of the zero order, for it is a variable itself, independent of all the

R
ULLICTL Do

It is easy to see that the variable part of the Hamiltonian ¥’ , which
will generate the equations of motion, is factored by small parameters.
Therefore, a method of successive approximations such as von Zeipel's
cannot be applied.

Therefore, the system of differential equations produced by F*
must be integrated directly or by using some kind of approximation.
The 3rd order part, srg » will be neglected for the moment. The remain-
ing Hamiltonian is

F" = g/(l) + F! +Fg = const.

where, since L', H’ and T are constants, F, = const. The equations
of motion are

N/ aF; N/
G - _T’ - G (gll’ Gll )
og
ol BFZ .l "G
g = el =g (g, )
l'.l” * aFg .
= - - — " GII
e oH" h' (e, )
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l‘” aF; ol
=n' 2= (¢, G-

The first two equations represent a system of one degree of freedom
since F, is a first integral. Then it can be integrated and therefore
h" and /" are obtained by quadrature.

The approach taken in this section is similar to the one used by
Kozai in Reference 6 . The equations for 7' and g" are found to be

7"= =5K (1 - 7" (1 - 6"?) sin 2¢g"

Y K K
é - -?},‘ [(77112 _ 50//2) - 5 (77112 _ 8”2) cos 2g"] - 2 (1 - 5@

LI 77!!4

"2

)

and the integral 6F; \is written

KL'[(5 - 37"%) (-1 +36"%) 115 (1 = 7"*) (1 - 6"*) cos 2¢"]

2K, \
-—2 (1 -36"%) =C = const. = 6F, \
77"3
where
Kk -3 fNe 2 3, 1 /a'\?
1:8—[1 — :4—1‘10,1, aI:-E —
€ n’' € ag/

b%J
_ 12,2 _3 B 2
K, =—=n'"Db*]J, _anaz’ a, = -
77”—GII

Ll
9”:1{_

GII
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(1)

(3)

In order to integrate the system, the following remarks are made:

7" is assumed to be a periodic function of time of the
form

1

7 :778 +On” (al, ay; t),

where 7y is a constant and 47" strictly periodic in t and such
that 47" (0, 0; t) =0 for any t, so that

An' = a; AnT (ay, a,; t) +a, Any (a,, a,; t)e

g" is assumed to be the sum of a linear function of time plus
neriodic terms, i.e.. of the form

n

g =gy +n, (o, o))t +8g" (a;, a, t),

where g; is a constant, n, is a constant which can eventually

be zero (libration cases) and Ag” is strictly periodic int. They

are such that n, (0, 0) =0 and Ag"(0, 0; t) =0 for any t.
Thus

3
1]

g =0y (a, ay)) +a,ny (a), a,)

g
o
£
1

C(.l Agl (alv a2; t) + a2 Ag2 (al’ a2; t)'

If assumption (1) is correct, we have

* N

" =a Ani +a2A%];,

and, comparing with the equation for 7", it is seen that An;
must be zeroyor say An" (0, a,it) =0 for any a, and t. Then

n" will depend on a, through a fourth order term of the form
a,a,* . One concludes that if a, is neglected in the evaluation
of 1", the error will possibly be a periodic function factored by
the product a, a,, and it is tolerable.

The same is not true for g since neglecting terms Ay Qye
may not be tolerable due to the presence of a linear term in

time.
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27. The Integration of 7"

Rewriting the integral F, we have

(5 -37"2)(=1 +36"? +15(1 -"H(A - 0"%y cos 2¢g" =

= - [ [C + 2K2 77“—3 1 —39”2)] =W,

K,L

If n; is the value of n" for g" =0, then neglecting the oblateness
terms we have

W=10-127% 4+ 62 :ﬁ:const.,

where

We are going to evaluate cos 2g" from this integral in order to find
the value of dx/dt. The error in doing this is of the fourth order by
remark (3) in the previous section. Therefore,

2(5 - 6%, +3v?) + (5 - 3x)(1 - 32x7h)
cos 2¢g" = )
15(1 - x)(1 - 2 x~1)

where x = 7'? and x, :77’1'2. Note that the definition of 77'1’2 does not nec-
essarily correspond to a physical situation.

The substitution of cos 2g" into the equations for 7" gives

&X % 4/_61(1 [(x = x ) (x = x,)(x - xa)]lm-
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Also

t OF, _
AIG” - f .g dt = Lg (l/x - ‘/;0).
0

In the equation for dx/dt the minus sign is used whensin 2g” is
positive and the plus sign is used when sin 2g"is negative. The choice
of sign will be treated in the next section.

The values of x, and x; are defined by the relations

X, + Xg :%(5 + 512 -2x;)

and, for eccentricity e”" <1 , they are always real.

The solution for x will be generally expressed by elliptic functions,
except in a few cases where x,, X, , X; assume special values.

The possible cases for the relative values of x, , x,, X3 are next
determined based on the fact that one looks for a real solution of the
problem. Any complex solution, from the physical point of view, must
be discarded.

It is noted that, since

X = 7’)”2 =1 -8”2
2 H”z

= = (1 -e"? cos? 1",
L'2

14

x and v satisfy the inequalities

]_ZxZVzZO.
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Furthermore, if the solution x has to be real, then from the differential
equation for x there is the additional condition

(x = x,) (x = x,) (x-x3)20-

(a) X, = 1
Then
x, =1, x :ivz-
2 3 3
If
y2=—§-,x3:1,
then
x1:x2:x3:1,

and since x £ 1, the only possibility is

x = 1 = const.
or
e” = const. =0
cos I" =t /3/5 = const.
If
V2 >%, x; > 1,
then

1:x1:x2<x3,

and again the only possibility is

x =1 = const.

or

"

e’ —const. =0

|cos I"| 2 /3/5
If

v2<%,x3<1,
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then

1:x1:x2>x3

and
x35x51
Thus,
3 .,2¢x¢1
3
or
0Se"21
0ScosI“<1
(b) X1:7/2
Then
2 _
X3:V —X1
5
X :—>1
273
and
0$x3:x =251

The only possibility is

x = 1% = const.

or
cos I" =1 and/ore” =1.

(c) 2%« x;, #1
Thus,

5
vi<x, <3, x, 71

and

5 5
V2<x3<-§, x37537/2.

This is the most general case.
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28. General Case (v2<x, #1)

In this case, X,, X,, X, will be ordered in ascending order and will
' ' ;
be called x|, x; xj sothat xj > x; > xj.

The solution for x is expressed in terms of Jacobi's elliptic
functions as

- 2
' ' ' snucnvdnvisnvcnudnu
x = X] 4+ (Xp-X)) 3 5 )
1-k?¥sn?Pusn‘v

where
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and env,dnv,snv are the Jacobi's elliptic functions with modulus k
and argumenty ; x, is the value of x at the intial time which is taken
equal to zero.

Since at this stage g" is unknown, the choice of the sign can be
made only after the equation for g" is integrated. That is, the correct
sign is determined by a comparison between the value of the integral
F" using cos 2g" obtained from the integration and its value at t = to
The solution for x given above is one in which the oblateness portlon of
the energy integral has been neglected. By an iteration process, the
correction due to oblateness can be taken into account.

29. The Integration of g

Once x is a known function of time, g" can be integrated using x
as the independent variable. In fact, consider the transformation

dgll dg" dx dg”
—=——=%4Y6K, /Q(x) —°
dt dx dt x

where

Q(x) = (x-xp) (x-%,) (x-%3) -

On the other hand,

"

K, K,
g = -— [ (x-5v2x"1)- 5 (x-v2x"!) cos 2¢g" ] "I (1-5v2 x-1)
X x
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and

cos 2g" = 1 ¢ +2 B2 1-3v2x
15 (1-x)(1-v% x~}) | K, L' K, L x3/2
+(5-3x)(1-3v? x'l)} ,

so that

C x-v2x-1

3L vVx (1-x)(1-v2 x1)

g =-K, Vx+5K, v2x324

N 2K, (x-v2x"H(1-3v2x71)
3L' x2 (1-x)(1-vix™1

Kl (x-v2x71)(5-3x%)(1-3v2x7)
3 Vx (1-x)(1-v2 x~1)

+

After reduction, this becomes

é,,:c{ 1w __1_}+g§3{(1_3yz)
3L {(1-x) Vx (x-v¥)Vx vx] 3L

2 1 1 9v?
+ — + _ —_ t ——
V2 X—V2 V2 X 2 x2 2x3
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K
+—1{2(1-—3V2) —1———-—27/2 (31/2-5)—1—_
(1-x)vx (x-v2?) Vx
1
-2 3v241)—
@Bve+ )&}
or, finally,
— dg” 1 rc 1
Ve K, — == | = 1-322
HRREE I 3[1,'*2( SV)K‘] (1-x) VxQ(®
21 |:C_V2 +2V2(3V2—5)K1] 1
s Lu (x-v2) VxQ ()
-l[-c—+2(1+3v2)1<1] 1
3L VxQ (x)
K
+£_:2 {(1—37/2)__1__ +l2 —-—L—.—.
3L (1-x) Q) ¥ (x-*)Q®E)
L vi-3vi-2 1 7+6v2 1
v2 x \/Q(X) 2 x? /Q (x)
9v? 1
2 VQ<x>}'
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The integration gives

T4/6K, 4, ¢ :é[-(i,+2(1-3v2) Kl” dx
L X0 (l—X)VxQ(X)
1 [cv? 2,42 :‘sd dx
-— 2 v°(3v°-5)K
3 [ L + 2 v°(3v°-5)K, v (x-2) /x Q)

—l[E;+2(1+3V2)K1]S —dx
3LL xg VXQX)

L2202 (1_31/2).‘”( dx N 4K2 Sx dx
Su Jo, - /7A@ 3L w2, (x-vDH/QAX)

K 2 4 ® x

2 v» -3 -2 [ K

L2222 jJ dx _l_f(7+6yz)j _dx
3 L x2 /Q(x)

X0

where

f f(x)dx :f f(x)dx-f 0f(x)dx.
Xo X X

1 1

The various elliptic integrals needed are given in Appendix A.

30. The Variables [” and h"

Once x is known, !” and h" are integrated in the same manner as
was done for g". The original equations are
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o " ! n
.l :_EF‘_:DI_B_ (-f-)z{(lO-Sx)(—1+3v2x'1)
JL! 8¢ \n

3 n’?

+15(2- 1-v2 x™1 20" } -
(2-x)(1-v“x7%) cos 2¢g 3L

b2 J, (1-3v2x~1) x=3/2

A BF"_ 3 ! ng\?2
R R Rl o IR

3 .2 v _-ss2 15 n'v (Me\?
- = b — B LI - "
5N J,—=x + s x = (1-x) cos 2¢",

where cos 2g”"is to be replaced by the formula in the previous section.
Therefore

u

i"=n -%Kl (10-3x) (-1+3v2 x~1y- & 2=%

3L 1-x

2 %2 @-x @a-322x"Y K a-x) (5-3x) (1-302x7Y)

3 L %372 (1-x) 3 1-x
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X L' x5/2
+CV 1 +2K2V 1302 %1
L' x@1 - xY) 3 L' x5 1 -22xh

Kv (5-30 1 -32xY

x(1 -2 x1

After reduction, these become

W 2 Cv 1
h" = [-n2 + 2vK,] + [EKIU(sz - 5) +§17}

X -V

Finally, we have
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K, 2] 1 2 K, [7—67/2 1
v i22-6) ————— -2 —
3 1-x7/Qm 3L 2 /X
1-31v2 212 1 'J
(1 - x) VxQ(x) 2 /%0
and
|
| 1 2 1
+4/_K _(n +2vK)) +[ V(32 -5)+__]____
d OIS (x - %) VQ()

| T
‘ 2 xVxQ(x) V2 (x - v?) vVxQ(x)

win

which, integrated, give

_ K, (2-62?) x
T4V/6K, 0, 4" = T 4/6K, (n'+2Kl__C_> t_[_l____ +_C_}J _9x
3 3L' 3 3L xy (1-% V(%)

K,
- (7 -6 v2) J + 712 = J .
3L' x VxQ(x) 2y xQ(x)

-2-—2 (1—3v2)j dx
3 (1 = x) VxQ(x)

and

_ L, . 2K, v c * dx
+4\/€K1A1h :+4/6K1(-n@+2K1v)t+ |:——— (322 -5)+§£] J (x—vz)t/a_(;-)

4K2[r dx ) j" dx ]
BL ) (x= DY S xVXQ()
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The various elliptic integrals needed are given in Appendix A.

31. Special Cases

The following special case remains to be treated:

x1=1,v2<_

> Xy the equation for x becomes

Sincex, = x

1 2

dx _74vE K, (1-x) vk - x,
dt

whose solution is

1+ Eexp[¢ 46 K, (-1 - x4 t)] 2
1-Zexp[7 4V K (-VI=-x; )]

x:x3+(1—x3)

where

VX -x3—\/1-x3

vx —X3+l/1—X3

and the choice of the sign — or + is done as in the general
n

case after integration of the equation for g".
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\ The equations for g, [” and h” are the same as for the general
. case with the exception that in Q(x) , x, = x, = 1 , so that the integra-
tion is essentially different. In fact, vVQR(x) = (1 -x) Vx - X; » SO that

‘ "
:4/Exld_g:+l[5-,+2(1-3v2)xl] 1
dx 3L (1 - x)? VR(X - X3)
2
_1 [CL' + 202 (312-5) K{l 1
3L (x = v) (1 = x) ¥x(x = x;)
|
| _l[_c.,+2(1+3v2)K1—‘ 1
3 LL 4 (1 %) Vx(x = x3)
X |
+g—f- {+(1-3v2) 1 +—2— 1
3L (l-x)zvx-x3 2 (x—7/2)(1-x)vx-x3
+v2-3v4-2 1 7 4+ 622 1

V2 x(1 - x) Vx - x4 2 x2(1--x)vx-x3

- " K
+4/€K1dL: n'+_2_K1__.9 S S —g—+—1(2-6v2)
dx 3 3L (1 - x) \/X—X3 3L’ 3
1 2K [7—61/2 1
(1 -x)2 VX - X4 3L 2 x(l\-x)VX(x-xa)

2
(- 3 1 21v 1 ]

(l—x)ZVx(x-xa)— 2 x2(1 - x) VX (X - X3)
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- dh" 1 2
T4V6 K — = (-n} + 2vK) 2 Cv
1 & 1 + =K v (3v° - .
dx (1 -x /—x_x3 3K v Qv 5)+3L'

. 1 L2 %Y [3 1
(x = %) (1 = %) VX = x4 3 v 2 x(1 -X) VX(X - Xg

2 1
2 (x - 3 (1 - x) Vx(x - X3) :I .

The result of the integration is

T4/BK D, € = {E,+ 2(1—3v2>K1] j o
3 1L o 1 - x)? Vx(x - x3)

X

_1 \191; + 202 (312 - 5) Kl] J dx
3 1L O 12y (1 - x) Vx(x = X3)

Wi -

[£,+ 2(1 + 3v2) Kli| J dx
L xg (1 -%)Vx(x = x4)

K X
+_2__%(1-3v2)J dx
3L - (1 -x)? VX - X4

dx

4 K x K x
- ,22J dx (2 <v2-3v4—2>f

L' (x-11)(1 = x)Vx-x, L2 x (1-x
X0

3

2 J dx +3K2V2 Jd dx
L' 3 o x2 (1 - X) VX - X, L'
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%o x3(1 - x) Vx - Xy

) VX =X,



K x d
. :4‘/ 6K1 AI £ ::4V6K1 (n'+g.K1 _'—C'—>t - |:£ +—1(2'6V2)] j X
3 3L’ 3L’ 3 xo (1-x)% vx - %,

K, 7612 J”‘ dx 2K2(1_3V2) : dx
L 3 xg x(1 = x)Vx(x - x3) 3L xq (l-x)zv’x(x-xs)

K J dx
+ ;
L' xq x2 (1 - x) Vx(x - X3)

| F4V6K, A, h" =T 4/6K, (-nk+2vK)t

2

C
+ [EKI v(3v2—5) +—V-,

:I Jx dx
3L - (x-vH(1 ~X)VX - X,

a
B

2 J . dx 4% (7 dx
to— - .
3L S x(1-00Va(x-xy) 3L ry (X=V)(1 - x)Vx(x-x

The various integrals needed are given in Appendix B.

This ends the particular cases to be considered. In resume,
the precision of the results is as follows:

(1) In cos2g" to integrate x: error is proportional to a,

(2) In the integrated value of x: error is proportional to
a,a,, if no iteration is done to improve x.

(3) In the integration of g", h", i"; error is proportional

to a2a, or a,a?. This means that the motion of the peri-

172 172
center andnode and the perturbations inthe meananomaly
are, at maximum, in error by a sixth order quantity or
about 10-12, If the time elapsed is not too large, these

errors are tolerable.
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32, Higher Order Perturbations

The solution of the problem up to this point stands as follows:

(1) Secular terms: correct to 2nd order, included in the integra-
tionof 1", g", h".

(2) Long period terms: correct to 2nd order in terms depending
on h” and t (and eventually g”).

(3) Long period terms: correct to 1st order in terms depending
strictly on g* and A and A_.

In order to evaluate long period perturbations correct to 2nd order
in terms depending on g", the 3rd order part of the Hamiltonian should

be included.

Consider then the equations

A " aFg " "
2! :_BL':fl(g’G)
no_ = f n’ G"),
28 3G 2 (g
A }'lll aFg
- _ - f n, G"Y .
2 dH" 3 (g )

The functions f, contain variables g", G" factored by 3rd order param-
eters (~1076). The variables g”" and G"(x) depend on time through very
complicated functions. The substitution of the independent variable in
terms of x is out of the question, since t is a function of x through the
inverse Jacobian function sn~!. The only possibility is then to consider
G" (x) constant. If G'is a periodic function of time, the error in making
this approximation is of the 5th order (10~1%) in G" and could increase
linearly with time in g*. Nevertheless, for a not too long time the error
in g" may be tolerable since it is essentially 10°1%n't. Forn' 2 300°/
day, the error in longitude is less than 104 degrees for several hundred
days.
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Therefore, if 7y, 0y and gy are the values of 7", 6" and g" at the
epoch, it is possible to consider

fl

K
" n 1 " n n n "
gy T 8o _{77'7 [(ng? - 566%) = 5(my? - 65%) cos 2¢g]
0

K2 " "
+ (1-56p7)p t=gy+ngt
L' nyt

Gll - G;l).

If these values are substituted in fi (i=1,2,3),the 2nd order long period
perturbations in I", g”, h" are obtained by quadratures, i.e.

>

-~
B

1

2 [ £, (gl (), Gp) dt

bye" = [ £, (g) (£), Gy dt

D,h" = [ £, (g) (t), Gp) dt.

For the variations in G" (3rd order), the equation is

"

o 3 " "
8,6" = —2 =8 (g", G")
og

which can again be integrated considering

8,6" = 1 § (g](1). Gp) dt,

where

g, (t)=gy+ n,t.

Note that the quadratures above will give the secular perturbations to
3rd order.
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33. Additional Long Period Perturbations of Second Qrder
and Secular Perturbations of Third Order

The third order part of the Hamiltonian, free from short periodic
terms and fromh”"and 7, is designated |F; and appears in Section 22.
In the partial derivatives that follow, the Keplerian elements are con-
sidered double primed, but for convenience the primes have been dropped.

The functions f,, f fs and § are given next.

2’

OF" JF" 2 aF"
fl[g’l’(t)vcg:]:——i:_z‘/% 33_1 e a3
a e /pa 9Je

£ [ " Gu] _ aFg _ 1 1 —92 aFI:; cotl aFg
2 81 (0 G0l = o =TV T Se T 3
M e /pa(l—ei) I

_ oF} B 1 oF "

f3 [g;.l (t)’ GI(I)]: w :
oH sin I /ua (1-e?) oI
" " aFlsl
9 [gl (t)v GO] = = .
og

BF"- n n 3 2
3_, 63 <_@>< “) “_2a‘/1_e7 cos I {(2+33¢e?)-(2-17¢€?)cos?1

+15e? sin? I cos 2g}

n n 2 i 2
e ()(F) ey L L G @rsen 1t cos 20
a -e €

117 /n 2 14 n? sin? I cos I
"5 )T 772
8 \n} a® (1-e?)

+%nga {-(2+3e?)(1-3cos?1I)+15e?sin? I cos 2g}
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b3 n? e sin I (1-5 cos? )
a2 (1_e2)5/2

+%J3 sin g

n2

{(2+3¢e%) (3-30cos?1I +35cos* )
a3 (1- 92)7/2

- 10e? sin? I (1-7 cos? I) cos 2g}

n? e sin I

+15Jb5

{6(4+3e?)(1-14cos? 1+ 21 cos*I)sing
128 5 = 101y ( ( )

~-7¢esin? I (1-9 cos? 1) sin 3g}

oF "

n n,\3 2
—3-..9 <_‘°><_E> L a2 /1-e?sin I {(2+33¢e?) -3 (2-17 e?) cos? I

+15e2 (1-3 cos? I) cos 2g}

n_\ /n 2 o _ 2
_ 9 (o8 g, b2 POsin T A-3cosT ) 5 5,3 62) 4 152 cos 2¢)
32 \ne/\" € (1-e2)?

_9/n\ 12 b4 n? sin I (1-3 cos? 1)
4 nz 22 a2 (1—62)7/2

+%né a2 sin Icos I {-(2+3e?) +5¢e? cos 2¢g}

+3 ésinIcosI(1-3cosz 1)

. 2n
4J2R“3 €

{1-821+2/1-e?) cos 2¢g}
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2 11 - 2
-§J3b3n ecos I ( 15 cos I)sin

8 a(l- e2)5/2

g

_15 b4 n? sin I cos I

15 n? ecos I
- b’
256 Js ad (1 - e2)%?

{2(4+3e?)(29-126 cos? I+105cos*® I) sin g

-7e?sin?2 1 (7-15cos? I) sin 3g}

OF 7. n n\3 .2 .2
3o 2 (e (=8| nlalecosT yes 9962 4 3(12-17 e?) cos? I
1-e2 €2

+15(2-3¢e?) sin? I cos 2g}

n n 2 i02
+_2 _e\[ e J22 b2 n‘“ e sin“ I cos I {2(7+3e2) + 15(1+e2) cos 2g}
n € (1-e?)?

-%ng a2e {1-3cos?I-5sin?1I cos 2g}

3. _, "¢ sin?2 I (1-3 coszle)

B?2(2+/1-e?)cos 2¢g

4 €. e
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3 2 gin I (1-5 cos?
-5l b oS (1( 2)7‘;55 D (1+4 e sin g
a - e
15 2
138 34 b42(1n—e2)9/1’ {(4+3e?) (3-30 cos? I + 35 cos* I)
a -e

-2(2+5€e?)sin? I (1-7 cos? I) cos 2g}

15 n? sin I
bS
256 U3 a3 (1-e2)ll/?

{2(@+41e?+18 e (1-14 cos? I+21 cos*I)sin g

-7e?(1+2e?)sin? I (1-9 cos? I) sin 3g}

oF" n n\3 2
—3_ _£§<—c><:¢> 8 a2e? /T-eZsin?1I cos I sin 2g

135 [N\ /Ne n? e%sin?I cosI .
‘*1'?<—><T T2z b —7 s 2
€ (1-e?)

15 . .
—?né a? e? sin? I sin 2¢g

3 nlsin? I (1-3cos?1))

Zj2R$ - B2 (1+2 /1-¢€?) sin 2g

3 2 : - 2
J3b3n esin I (1-5cos®1I) cos g

8 a(1- e2)5/2
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sin 2g

—EJ b4 n? e? sin? I (1-7 cos? I)
3274 a? (1- )"’

15 s nfesinl

- J b5 —————— {2 (4+3e?)(1-14cos? I +21 cos* I)cosg
256 ad (1_82)9/2

-7 e?sin? I (1-9 cos? I)cos 3gl.

Now, recalling that

byt =0 £ [gy (b)), Gyl dt
A" =1 f, [g] (), Gyl dt
O,h" = [ £, [gy (1), Ggl dt

8,G" = § [gy (1), Gyl dt,

it is noted that if one performs the integrations, one obtains a small
divisor (n;) which is of second order. The resulting perturbations will
therefore be of the first order, and this is not desirable. However, since
the pericenter moves slowly (about 10-3 rad/day), these perturbations
will be of the second order if the time period of integration is of the
order of hundreds of days. In the following integrals the initial values

of the Keplerian elements are to be used. For convenience, however, we
write é for e , etc.
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t
. [ oFn n.\/n.\3
f 3dt:{i6—3 —“><—¢> 0 /1-e?cosT [2+33e2= (2-17 e?) cos? I
0

n n 2 qin2
_27 [Te\[ e Tas p2 0° sin IcoslI (2+3 e?)
a(l-e2)? e

2 oin2
J117/n J§2b4n Sin ICOSI__l_ngaa(2+3e2)(1—3cos2 I
ad (1-e2)’/% 8

2
+£J4 bt — T (3-30cos?I+35cos*I)(2+3e?) >t
ad (1—e2)7/2

1 EJ b3 n?esin I (1-5cos?I)
2 3 a2 (1_e2)5/2

2 & gj v
+'4—5-J5 bSL‘?—ﬁl—-(1—14 cos?I + 21 cos*I)(4+3 e2)}-
at (1-62)9/2

. 1
. (cosg] -cosggy)

n n_\3 2
+__1_ . 945 _¢\)_cf B e2a/1-e2cosIsin?I
n; 512 \n /

n n 2 .2 (in?2
_ 405 /"c\ /e Tas p2 e sin ICOSI+1—5-n£ae2 sin? I
a(1-e2)? e 16

2 .2
15 g b* — 2% sin? I (1-7 cos? I)}(sinzg; ~sin2g")

2 e3sind1

9/2

n

—_ (1-9 cos? I)(cos3g;-cos3gp)
128 at ng (1-¢e?)

125




__gné a? sin I cos I (2+3e?)

2

3. 2ncsinIcosI 2
+Z]2 R2 . (1-3cos* L)
15

2 .
_1o 4b4n sinlcos I (3—7C052 I) (2+3e2) t
32 aZ (1-e2y'/?

. 2
NEIPER SN L LR TR TRy o
ng 8 a (1—e2)5/2

2
Job5 €01 59 126 cos? 1+105cos? I)(4+3e?)p.
128 ald (1—82)9/2

. (cos g'l'-COS 20)

_ n n\3 2
L1 J-135 /) [Me) " n? 5, 1-e? sin I (1-3cos? 1)
nn 2 6 n: n 62
g

n n 2 2 1
_16345 V(=) 1 S0 L (13 cos?T)
n n (1-edH"e

+—ng a? €2 sinIcosI
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15 2 e? sin I I
+ 32T, 2 ez e ‘;j’: (4 -7 cos? I)
a* (1-e?)
3 2n:sinIcosI(1—3C0521e)52(1+2/1—e2) )
) 2 Rg €

» (sin 2g'1’- sin 2 gy)

35 n? ed cos I .
- bs 2 - 2 n_ "
256 Js e (o) sin® I (7~15cos? I)(cos3g)]-cos3g))
g

t
" OF n.\ /n\3 2 .2
3 - 9
f dt = +1{—= (=) (L) D2a7ecos T 154 9962, 3(12-17 ?) cos? I]
0o ©° (1_e2)1/2 2

n n 2
+—9<——§ = AP b2 —2 % sin? IcosI(7+3 e?)
8 n n ’ (1—62)3 € :

2
+6_3L J2, b — 2 & §in? 1 cos I—‘—3—n2 a2 e (1-3cos? I)
4 x| Y22 9/2 g8 @
Ne a? (1-e?)

—m==J, b ————————(3-30 cos®I|+35 cos* I)(4+3e?) \ t
a? (1—e2)9/2

2 o ’
+L”{%J3 b3_£—5”2—£/5 (1-5cos?21)(1+4e?)
a (l-e%)

2 .
b= g bS ST g 4400521421 cost IN(4+ 4162 4 18 %) b
a3 (1 —e2)11/2

+(cosg;-cos gp)
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n n.\3 2 .2
+—17 +l‘:—2(—: (-E> _P_?%?cousm?I(z-seZ)
n, Ne n €2 (1"92)/

135 (Me) /n 2
+ = —: _£ AP p2 2 ¢ sinzlcosI(1+e2)+lin§3 aesin?1
32 c (1—e2)3 16

n
-%jz RZ £ sin? T (1-3cos” Ip) A7 2+ /T-&7)
+ 15 J, bt n e sin2 1 (1-7 cos?2I)2+5 e?)$(sin2g}-sin2g)
128 22(1- ey’
35 J. bb n® ef sin® I (1-9 cos? I)(1+2 e?)( 3g" - cos 3 g)
—_——— - e CcOS -~ COS
25675 " 0 a3 (1-e%)'? " o

2 in I
(1-5cos?I)+ oo J bS L 510 2,
a (1—8 )5/2 128 ad Qa —82)9/2

BF” 2
— 34t __1{8] p3_n-esinl

«(1-14cos?I 4 21 cos* 1) (4+3e2)}(sing’;-sing;;)

ny\3 2
+ L +135 Do\(le 0422 /1-e? sin?21cos 1
o 128 * n €2
g (;

n 2 .2
+l3_5< . _< J22b2_ne___251n2lcosl
.32 Ng n € (1_e2)

15
+——n2 a? e?

16

sin? I

n2

3 R2—s1n21(1 -3cos? I@)ﬁ2(1+2\/1—e)

RE
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n? e?

15
+ = | S
64 J’4 a2 (1—62)7/2

sin? I (1-7 cos? 1) }(cos2g’1'—cos2gg)

n? e3

3 9/2
n;. ad (1-e?)

35
256

Js b’ sin® I (1-9 cos? I)(sin3g] - sin3gp)

34. Summary of the Development

The short-period terms are given by

BN

I = 1" - 2
oL’

p S,

g = g - —
929G’

oS

h = h' - —2
oH'

98

L =L +—2
91

882

G =G + —2
og

oS

H=H + —2
oh
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Long-period terms are

ll

hl

LI

Hl

given by

- l”

- HII

Additional terms are obtained from

/ﬁll

A 1 /ﬁ”

A 2 /EII

"
-4y

130

°s; @Sy oS
S TR,
°s; sy 38
aG” aG" ‘aG”
s;  esy  3S)
'aH” aH’I ‘aH”
;285 3]
ag' 'ag' ‘agl
’S; 3y 38}
oh' oh' oh'
oFY
f(n' - _2> dt
aL”
BL”
Al /ﬁu +A2 £
‘aFII
_J —2 dt
aG”
‘aF“
_f 3 dt
’aG”



g -g =08 +0,¢
A h" = - nt + — | dt
e[
BFg
A2 h" = - —_— dt
’aHII
h" -hy = A, h" + A, h'
L _Lg =0
r OF!
A G = £
og
A, G = 9F3 dt
og
GII _ Gs — Al GII + A2G”
H' - H; =0,
Then we have
AL =L -L' AL =0 AL
AG=G-G' AG' =G -G AG"
AH=H-H AH' =H' -H", and AH

=0
=G -G

=0.

Note that in the expressmns for A G, A 1, A g, and A h the variables
Gy, + 0,G"and gy + 4,g" should be used 1n computmg 12, 6"2,C, etc.

Thus, the perturbations in the Keplerian elements a, e, and I are

obtained by
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o
1l
mh
[
|
(D‘
N
NN
&
I
13
Ss——

e L' G'
A A
I = 1" + cotI’ —G-—l:l
G' H
Also,
a' - all
v . 1-¢"? AG 1-e"2 [AG')?2
e - e - " a— - —_— ——
e Gu 2er/3 GII

' ' " I " 2
I' = 1" 4 oot T (BG7 _OHY\ | cosI" [AG" (MM 1 cos I" y  o;p2pmy (AG7
G" H" ) sindI"\G" J\H" ) 2 sin’ 1" G"

1 cosd 1" <AH'>2
2 sin® 1" H’

where in the squares and products of AG' and AH' terms of the 3rd
order or superior should be neglected. Finally,

¥ _ N
a =— ao
"2

e = e" 1- eO AG"

= F0 - e" F

0 0

AG”

I = 1) 4 cot 1)

0 0 G"

35. Position and Velocity

e #0; I;(0°, 180°

From the elements L, G, H, I, g, h, one can obtain the
coordinates and the components of velocity as follows:

Obtain a, e, and I from the following equations:
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| a:LZ/,U,

+V1 -G¥12

(14
I

I=-arc cos-g- (0° <1 <180°,
Now solve Kepler's equation

E-esinE=1!

to obtain E.

Then compute r from
r=a(l -ecoskE).
Next obtain f from
a
cos f:?(cosE-e)

sin f = Ssin E.
L

|

Now compute

A -alcosgcosh-singsinhcosI]

B, =a% [-singcos h-cos gsinhcos I
A =a [cos g sinh + sin g cos h cos I]
B, =ar [-singsinh + cos g cos hcos I}

A -—asingsinl

oe}
1]

aGcos sin I
L ¢ '
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Then,

X Ax B, 0 cos E -e
y |= Ay By 0 sin E
z A Bz 0 0

Ax:n;Ay
Bx :n; By
Ay:-n; Ax
By -—n; Bx
Therefore,
x A B 0 cosE-e
y Ty
}.I :né _Ax—Bx 0 sin E
z 0 0 O 0
Ax Bx 0 -~ sinE
+3 A B 0 cos E
D y Ty
A B 0 0
z z
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9.
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37. Appendix A

The elliptic integrals that are needed for this section may be found
in Reference 3. They are

1. Jx dx 6. Sx dx

x] (x - V2) VQ(x) x (x - V2) /X_Q(;(—).
2. S _dx 7. Sx ax

x; X vVQ(x) x4 (1 - x) vVxQ(x)
3. j —dx 8. S =

v (1- %) VR VRO

x dx * dx
V[ L[t

x; x? VQ(x) x1 x VxQ(x)

x dx x dx
5 S _— 10. j —_

x4 x3 VQ(x) X3 x2 VxQ(x)

where Q(x) = (x - x;) (x - x,) (x - x}), and Xy > Xy 2 X > x, >0

1-5

Let




We then have

X u

J’ dx B} 2 S du
/ m . - ; (1 - a?sn?u)”
Xy (P - x)" VQ(x) (P - x)" 1/)(3 - x ]
where
x! - x!
snu = siny, a?= 2 !
p- xl
Form=1
Sx dx . 2 j" du
/o0 N 1-a?sn?
xy (P -x)vQ(x) (P -x%) Vx5 -x 0 a”sntu
= 2 G a2, k).
(P - %) Vx3 - %
Thus,
x x! -x
j dx - 2 H(\;ba G.2, k), G.2: :
4 [ 7 VT -~X
xi (x = 12) VQ(x) (% - v?) Vx5 - %
X xl —X'
j dx  _ 2 iy, o2, ). 2. 2%
VYA X
x; X VQ(x) xivx; - X
x! -x
S —dx 2 I, a?, k), a2=2
x] - ] 7 7 1-x
P A-0R6 T
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Form=2:

2
= V2,
xiz x; -x
where
V, = 1

[a2 E(u) + (k% =a?) u+ (2 a? k2 + 2a? —a* - 3kH)TI(Y, o?, k)
2(a? - 1) (k? - a?)

2 2

a* snucnudnu
1 -0a*sn®u

where u = F(y, k)

and E(u)=E(®, k)
For: m=3:

x u

X1

j dx _ 2 j' du 2 Xy = X
2 2 3’ f}
P VA0 X3 VR - x) 0 (1 - a?sn? ) x

- V3,

where

V, = 1 k2 22 2 _ 3K2 2 L
’ 4<1—a2><k2-a2)[ u+ 207K 4 a? - KD T of, K

4
+3(a4_2a2k2_2a2+3k2)vz+a snucnudnu |
(1 - a? sn? u)?
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Let
x! X - x! (X _ xl) X! - x!
Sin2¢: ] 2/' 11 k2= :,;2 1: (12— 2:1
X~ X X X2(x - xl) x5
We have
x dx 2 u (1 _ a2 sn2 U)m
= > T du,
21 (P=x)"VxQ(x) (P - x))"Vxj(x] - x)) (1- a2 sn?u)
where
p(x, - x})
snu= siny, a§=—2—-1—.
Xy (P~ xp)
Form = l, P #Z0:
j J 1~ a? sn? YU 4y
Xy _X)VXQ(X) (P—Xl)\/ 4(x5 = x{) l—a sn? u
xI
= 2 [u ¢ ——TI(, o, k)-l _
jo] x;(x; - xi) P-% ]
Thus,
* ! 2,1 '
- X v (x - X )
J dx - 2 u + - 1 'H(\,b,ag,k)jl,ag:_'l—t
RS T I e R 102 - %)
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J."i (1 - x)/xQ(x)

dx

»

x! x! - x!
= 2 u + 1 ! H(lpt a‘g: k) ) a’g = '2 1
/x'(x' -x) 1-x
2\ 73 1

x,(1 = %)

(1 - a? sn? u)™ du.

8-10
Again, let
sin? y = — 2 -
X, = X
We have
j‘x dx
xi Xm1/ XQ(X)
For m= 0:
Form = 1:

dx 2
= u.
CV/xQ(x) Vxa(x3 - %)

jlx
' X
X1

dx _ 2
/R e - I

(1 - a? sn? u) du

2

1

= [ - e®)u + & E()]

2

X

1

[} ! [ [
X3 VX(Xy = X;)

[x; u + (x; - x;) E(u)].
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x

dx

u

2

Sl X2

*1

VxQ(x) i x,2 Vx, (x5 - X;)

S (1 - a? sn?u)? du

=—
X

2 —1— [(3k4 -6a2k? 4 2a* 1 k2 a4)u
vx, (x5 - x7) 3k*
2 \X;3 1

+23a%k? ~a* - K?2a*)E(u) + a*k?®snucnudn u]-
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38. Appendix B

The integrals that are needed for this section may be found in
Reference 8. They are

1. dx
(x—v"’)(x—l)\/f——x3

dx
x(x - 1) v/ = X3

dx
(1 -x)% yx = X3

dx

(x - ) x -1) Vx(x - xs)

dx
x(x - 1) Vx(x - x3)

dx
x2(x - 1) /X< x,

dx
x3(x - 1) VX = X,

dx
x2(x - 1) Vx(x - X3)

10.

J
J
J
J
J
J
J
J
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1.

S dx _ 1 j dx +j dx
(x - v¥)(x - 1) VX = X5 | (x-7/2)1/x—x3 (l—x)1/x—x3

J dx _ 1 VX - X3 ~ v
(

= lo (V >x)
x--vz)\/x--x3 /VZ“X3 VX - Xg +/v?
VX - X
:—z—tan‘l'——s— (x3>V2)
x3—v2 x3-1/2
and
j« dx _ 1 log /x—x3+/1—x3
1-x)vVx-x; VT =%, VI - x5 - VX = X4
2.

j dx _ dx _ dx
x(x-—l)‘/x—xs_—x X = X, (1 - x)vV/x =%

j dx 2 o VX%
XV = X; VX %

The second of these integrals may be found in Part 1.

3.

j* dx 1 X - X, 1 L VX - X5 + 1—x3
= + Og

(1-x)*/x-%, Toxg | 1-x  2/T-x VI x5 = Vx =%,
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dx 1 dx dx
= +
j(x - v))(x - 1)Wx(x - x3) v? -1 {j(x - 2)/x(x - x3) _g(l - x)v&(x - xa)}

i dx - 1 log [27/2(1/2_,(3) + (202 x3)(x = 12) - 2 Vx(x-x3) @2 x, )2 jI(V2 > x3)
Jx - WaG=x;) o/ (2= x,) v :

X -V

. dx 1 =202 (x5 = ) + (202 - x)(x = v?)
= tan‘l (Vz < x3)
(x - VZ)VX(X—Xa) K‘x3—V2)V2 21/x(x-x3)(x3 -v2)y?

[ &

S dx L o [20 ~xg) 4 (x5 = 2(1 %) + 2/&(x —x;)(L - xﬂ

(1 - x)v/x(x - x3) _/1-x3 1-x

Jo

dx - dx _ dx
Jx(x -1) Vx(x - x3) j X Vx(x - x3) j(l - x)Vx(x - x3)

j dx Vx(x - x3)
=2
XV/x(x - x3) Xy X

The second of these integrals may be found in Part 4.
6.

j dx 1 logl:2(1 -x3) + (x5 = 2)(1 =x) + 2/x(x -x)(1- xs)}
(X—l)\/x(x-xs) ,/1 - X,

1 -x

7.
( dx _ _j dx dx | dx
sz(x -1/x - X3 x2 /x = X3 XVX = X5 (x - 1)Vx - x4

j dx _ VX =X +__1__ dx
X2V X - X3 X3X 2x3 XVX - x3
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The integrals

S dx and S.L
(x - 1) vx=x, X/X = X,

may be found in Parts 1 and 2, respectively.

8.

S dx dx dx “ dx dx
_ = - - - +
x:’(x.-l)‘/x-x3 J X/ x - X, Jx’/x-xa J XX %, J(x-l);/x—xs

= + —

j‘ dx X=-X3 3 dx
x3 /X = X, 2x3x2 4x3 x2 /x = X,y

The integrals

j dx j dx 4 j' dx
, an _—
x2,/x—x3 (x -1D)vx=-x; XX X5

may be found in Parts 7, 1, and 2, respectively.

9.
j dx = x(x - x3) + 2 -x3 j dx
(1 - x)2 |/x(x-x3) (1 —x3)(1 -x) 2(1 -x3) (1 —x)1/x(x-x3)
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The integral

dx
J(l - %) /X - %)

may be found in Part 4,

10.

dx dx dx dx
= - - + |-
s x2(x - 1) Vx(x - X3) j.x%/x(x - X3) S’“/ x(x - x3) S(x - DV x(x =x3)

J__.__.___.dx _2/2 1N _D
x2 /x<x _ x3) 3 xg XX4 X

The integrals

dx dx
e —— and
ny X(X = X3) j(x - 1)Vx(x - x3)

may be found in Parts 5 and 6, respectively.
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